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Abstract
Starting from E11 and the space-time translations we construct an algebra that
promotes the global E11 symmetries to local ones, and consider all its possible mas-
sive deformations. The Jacobi identities imply that such deformations are uniquely
determined by a single tensor that belongs to the same representation of the internal
symmetry group as the D−1 forms specified by E11. The non-linear realisation of the
deformed algebra gives the field strengths of the theory which are those of any possi-
ble gauged maximal supergravity theory in any dimension. All the possible deformed
algebras are in one to one correspondence with all the possible massive maximal su-
pergravity theories. The hierarchy of fields inherent in the E11 formulation plays
an important role in the derivation. The tensor that determines the deformation
can be identified with the embedding tensor used previously to parameterise gauged
supergravities. Thus we provide a very efficient, simple and unified derivation of all
the field strengths and gauge transformations of all maximal gauged supergravities
from E11. The dynamics arises as a set of first order duality relations among these
field strengths.
1 Introduction
The maximal supergravity theories have played a key role in our understanding of string
theory. The gauged supergravity theories have been studied for 25 years beginning with
the first paper [1] which found an SO(8) gauged theory within the D = 4, N = 8 theory.
These theories are sometimes called massive theories in that they are a deformation of the
massless theory by a massive parameter. They have generally been found by starting from
the massless supergravity theory in the dimension of interest and adding a deformation
to the action such as a cosmological constant or a non-abelian interaction for the vectors
and using supersymmetry closure to complete the theory. In relatively recent years all
maximal gauged supergravity theories in each dimension D has been classified in terms
of a single object called the embedding tensor which can be thought of as belonging to a
representation of the internal symmetry group of the supergravity theory in D dimensions
[2, 3, 4, 5, 6, 7, 8]. Thus for example all the gauged supergravity theories in five dimensions
are parametrised modulo further constraints by an embedding tensor in the 351 of the
symmetry group E6.
Certain gauged supergravities have played an important role in more recent develop-
ments. Two of the most important examples are the five dimensional gauged supergravity
theory which results from dimensionally reducing the ten dimensional IIB supergravity
theory on S5 which is central to the AdS/CFT conjecture and those theories that occur in
flux compactifications with a view to moduli stabilisation. However, it is fair to say that
gauged supergravities in general have not been fitted into any conventional discussions of
M theory.
It was conjectured in 2001 that the theory underlying string theory should possess
an E11 symmetry and indeed the non-linear realisation of this symmetry contained the
eleven dimensional supergravity theory [9]. By taking different decompositions of E11 one
finds different supergravity theories. In particular, to find the theory in D dimensions one
performs the decomposition of E11 into GL(D,R) ⊗ G which corresponds to the algebra
remaining after deleting the Dth node of the E11 Dynkin diagram. In particular in ten
dimensions one finds two theories which have at low levels precisely the content of the
IIA and IIB supergravity theories [9, 10]. Moreover, the Romans theory was found to be
a non-linear realisation [11] which includes all form fields up to and including a 9-form
with a corresponding set of generators. This 9-form is automatically encoded in the non-
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linear realisation of E11 [12], and its 10-form field-strength is dual to Romans cosmological
constant.
More recently the from fields, that is those field with only completely anti-symmetrised
Lorentz indices, were found in all dimensions, D [13, 14]. These include the D − 1 forms
in the D-dimensional theory whose equation of motion generically leads to a cosmological
constant. As such the number of such forms should correspond to the number of gauged
supergravity theories and indeed the representation of the D−1 forms is precisely the same
as that of the embedding tensor used to classify the gauged supergravity theories. It was
therefore apparent that E11 encoded all the possible maximal gauged supergravity theories.
Thus for the first time the gauged supergravities were included in some underlying unifying
formulation rather that found as the possible massive deformations in each dimension.
A feature that is always present in the E11 theories in different dimensions is that
every form field has a corresponding dual field, indeed if the n-form fields belong to the
representation Rn then we also find D − n − 2-dual form fields in the complex conjugate
representation, i.e. RD−n−2 = Rn. This was already apparent in the case of eleven dimen-
sions and the IIA and IIB theories [9, 10]. As mentioned above the rank D − 1 forms are
dual to a cosmological constant while the rank D forms are not dual to anything but play
an important role in brane associated dynamics. This can be thought of as a hierarchy of
fields of ascending rank.
The results in the two paragraphs above are of a purely kinematical nature, however,
progress has been made in constructing the dynamics of gauged supergravity theories using
E11. Initially this was achieved using the so called l1 representation [15] to provide an E11
covariant generalised space-time [16]. While wishing to continue with this approach at a
future date we also pursued an alternative more bottom up approach introducing only the
usual D-dimensional space-time, with its corresponding space-time translations operator
and at the same time extending the E11 algebra to include generators that had the effect
of making local all the rigid Borel E11 transformations [17]. These so called Ogievetsky
generators lead in the non-linear realisation to fields that can be eliminated covariantly and
do not appear in the final dynamics. Nonetheless they play a crucial role in determining
the field strengths of all the fields. Therefore, the algebra formed by the non-negative
level E11 generators, the D-dimensional space-time translation generator and the above
mentioned Ogievetsky generators, called Elocal11,D in [17], determines the field strengths of
the massless maximal supergravity theories in any dimension. It also emerged in [17]
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that in the case of gauged supergravities the final dynamics is controlled by a massive
deformation E˜local11,D of the algebra E
local
11,D , in which the deformed E11 generators have a non-
trivial commutation relation with the momentum operator. This was shown in detail for
the case of the Scherk-Schwarz reduction of IIB to nine dimensions, the five-dimensional
gauged maximal supergravity and Romans massive IIA theory. In the first case it was also
shown that E˜local11,9 is a subalgebra of the algebra E
local
11,10B that describes the IIB theory in ten
dimensions, while the last case reproduced the results of [11], where the field strengths of
the Romans theory were constructed adopting a non-trivial commutator between the E11
generators and momentum.
We note that gauged supergravities have also been discussed from the E10 [18] view-
point. In particular the case of Romans IIA was discussed in [19] while the case of maximal
gauged supergravity in three dimensions was analysed in [20].
In this paper we continue the analysis of [17] and construct all the massive deformations
in each dimension. We find that the underlying E11 algebra and the Jacobi identities imply
that the deformations in a given dimension are uniquely determined by one object that
belongs to the same representation as the D − 1 form generators and so can be identified
with the embedding tensor used previously to classify gauged supergravity theories. We
use the algebra to construct in a simple way all the fields strengths of all the gauged
supergravities in all dimensions. The dynamics then arises as first order equations that are
duality relations among these field strengths. In particular, the scalar equation results from
the curl of the duality relation between the D − 2-form fields and the scalars, using also
the fact that the D−1-form field is dual to the embedding tensor. In general there is more
than one gauge covariant quantity that one can construct contracting the scalars with
the embedding tensor, and this procedure does not determine their relative coefficient,
and therefore does not determine the exact form of the scalar potential. We analyse
each dimension from three to nine, and these results, together with the ten-dimensional
deformation corresponding to the Romans theory analysed in [17], give the field strengths
of all possible massive maximal supergravities in any dimension.
The paper is organised as follows. In section 2 we derive the general method of con-
structing the deformed E11 algebra in any dimension. In section D, with D = 3, ...., 9, we
explicitly derive the deformed algebra in a given dimension D. In section 10 we discuss the
form of the duality relations that the various field strengths must satisfy in any dimension,
and section 11 contains the conclusions. The paper also contains three appendices. In
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appendix A we review some group theoretic techniques and we derive from E11 the rele-
vant projection formulae used in the paper. In appendix B we explicitly evaluate the field
strengths in the general notation of section 2. In appendix C we derive the field strengths
of the four-dimensional theory using a different method, that is based on the non-linear
realisation of E11 ⊗s l1 and applies in four dimensions the analysis that was carried out in
[16] in the five-dimensional case.
2 The general method
We wish to consider the formulation of the E11 algebra appropriate to D dimensions which
can be found by decomposing E11 with respect to the algebra that results from deleting
the Dth node of the E11 Dynkin diagram. This resulting algebra is SL(D,R) ⊗ G where
SL(D,R) is associated with D-dimensional gravity and G is the internal symmetry algebra.
The resulting form generators, that is those with only anti-symmetric Lorentz indices, are
explicitly given in the later sections. In this section, we are interested in a universal
treatment valid for every dimension and so we introduce a corresponding notation. We
denote the form generators as Ra1...an,Mn and the generators with no Lorentz indices are
written as Rα. The latter generators are those of the internal symmetry algebra, G and the
generators Ra1...an,Mn carry the representation Rn of G which transforms the Mn indices.
We note that in this notation R0 is the adjoint representation. For example, in the case
of five dimensions G = E6 and the form generators are given in eq. (5.1).
The E11 algebra involving the form generators is then given by
[Ra1...am,Mm, Rb1...bn,Nn] = fMmNnPn+mR
a1...amb1...bn,Pn+m (2.1)
and
[Rα, Ra1...am,Mm] = (Dα)Nm
MmRa1...am,Nm , [Rα, Rβ] = fαβγR
γ , (2.2)
where fMmNnPn+m are generalised structure constants whose form will be shown in the
following in several examples. By studying the table of [13] of forms contained in E11, which
is table 1 in this paper (observe that the table contains the representations of the fields,
which are the complex conjugate of the representations of the corresponding generators),
one finds that in all dimensions the representation of the 4-form generators is in the anti-
symmetric tensor representation formed from two representations R2 and so it has indices
[M2N2]. As such we may write the 4-form generators as R
a1a2b1b2,M2N2 = Ra1a2b1b2,[M2N2]; in
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terms of our general notation the indices M4 are for this generators represented by [M2N2].
As a result the commutator of two 2-form generators can be written as
[Ra1a2M2, Rb1b2N2 ] = Ra1a2b1b2,M2N2 , (2.3)
where we have taken the constant of proportionality in the commutator to be one as this
commutation relation can be taken to define the way the four form generator appears in the
E11 algebra. The particularly simple form of this commutator will prove to be useful in this
paper. Some other related observations that will be useful are that R1 ⊗Rn contains the
representation Rn+1 and that Rn = RD−n−2 for n 6= D − 1, D. The first implies that one
can find all form generators by taking repeated commutators of the one form generators
and the second reflects that in the E11 formulation one finds dual fields for all the form
fields usually associated with the physical degrees of freedom of the theory. Taking n = 0
we find that RD−2 = R0 which is the adjoint representation and so it is real.
In fact the above algebra contains the E11 form generators that have positive level
with respect to the level associated with node deletion discussed above. It is a truncation
of the E11 algebra to contain just these generators. Clearly, eqs. (2.1) and (2.2) obey
certain Jacobi identities which imply, for example, that the structure constants are invariant
tensors of the internal symmetry group G. However, the structure constants also obey
restrictions resulting from their E11 origin. These result from the Jacobi identities, but
also from the construction of E11 from its Chevalley generators. In particular, the left hand
side of the commutator of eq. (2.1) implies that the form generators on the right hand side
must belong to the Rn ⊗Rm representation of G, however, only the Rn+m representation
arises. As a result, the structure constant fMmNnPn+m must obey the conditions that project
onto only this latter representation. A particular example, that will be important for what
follows, is the case for m = 1 and n = D − 2 whose corresponding commutator has the
form
[Ra1,N1 , Ra2...aD−1,α] = fN1αMD−1R
a1a2...aD−1,MD−1 (2.4)
where the generator on the right hand side corresponds to the next to space-filling form
fields that give rise in the non-linear realisation to the cosmological constant. Here we
have used that RD−2 is the adjoint representation and so is labelled by α, β, . . .. For the
cases of D = 4, 5, 6 i.e. E7 and E6 and E5 ≡ D5 the R1 ⊗Radj contains three irreducible
representations, only one of which is the representation to which the next to space-filling
generators belong. For the other dimensions one finds more representations in the tensor
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product, but in all cases there are two or more representations in the tensor product that
must be projected out to find the representation, or for D = 9, 8, 7, 3 the two presentations
to which the next to space-filling generators belong ( see table 2). As such the structure
constants fN1αND−1 must obey at least two projections conditions that turn out to be of
the form
(Dα)N1
M1fN1αND−1 = 0, (D
βDα)N1
M1fN1αND−1 = cf
M1β
ND−1 (2.5)
for a suitable constant c. Such projector conditions are discussed in more detail in appendix
A.
To the E11 algebra we add, as explained in reference [17], the space-time translation
operator Pa and an infinite number of so called Ogievetsky generators. In fact for our pur-
poses we need only add the lowest order such generators, Ka,b1...bn,Mn, which by definition
obey the commutator
[Ka,b1...bn,Mn, Pc] = δ
a
cR
b1...bn,Mn − δ[ac Rb1...bn],Mn . (2.6)
As this equation makes clear the generatorKa,b1...bn,Mn is associated with the E11 generators
Rb1...bn,Mn and carries the same internal symmetry representation, Rn. It also satisfies
K [a,b1...bn],Mn = 0. The Ogievetsky generators rotate into themselves under the action
of the E11 generators and the commutator of two Ogievetsky generators gives another
Ogievetsky generator. We take the space-time translation operator Pa to commute with
the positive level generators of E11. Indeed, it is this requirement that forces us to consider
only the positive level generators of E11.
We now consider a massive deformation of the above algebra which is parameterised
by the symbol g and given by
[Ra1...am,Mm, Rb1...bn,Mn] = fMmNnPn+mR
a1...amb1...bn,Pn+m
+gLMmNnPn+m−1K
[a1,a2...am]b1...bn,Pn+m−1 (2.7)
[Rα, Ra1...am,Mm ] = (Dα)Nm
MmRa1...am,Nm (2.8)
[Ra1...am,Mm, Pc] = −gWMmMm−1δ[a1Ra2...am],Mm−1 (2.9)
[Ka,b1...bn,Mn, Pc] = δ
a
cR
b1...bn,Mn − δ[ac Rb1...bn],Mn + gUMnMn−1δ[b1c K |a|b2...bn],Mn−1,(2.10)
while the deformation of eq. (2.3) for the commutator of two two forms is given by
[Ra1a2M2, Rb1b2N2 ] = Ra1a2b1b2,M2N2 + gVM2N2P3K
[a1,a2]b1b2,P3 . (2.11)
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For the case of the 4-form generator eq. (2.9) can be written as
[Ra1...a4,M2N2 , Pc] = −gWM2N2P3δ[a1Ra2...a4],P3 . (2.12)
The above commutators preserve the grading [R] = 0, [P ] = −1, [K] = 1 provided we also
assign [g] = −1 to the constant g. For each set of objectsW we find a different deformation
of the E11 algebra. The deformed algebra of eq. (2.7) to (2.12) is the general version
of that given in [17] for special cases such as that for the the gauged nine-dimensional
supergravity that arises from Scherk-Schwarz reduction of IIB, gauged five-dimensional
maximal supergravity and Romans massive IIA.
We define WN1Q0 ≡ ΘN1Q0 = ΘN1α as the index Q0 is the index on RQ0 which is just the
index α. In terms of this notation the lowest order example of eq. (2.12) is given by
[RaN1 , Pb] = −gδabΘN1α Rα . (2.13)
We will see that ΘN1α will turn out to be the embedding tensor discussed so much in the
literature on gauged supergravities.
The ΘN1α , like all the objects W , are not invariant tensors of the internal symmetry
group G. One can think of them as a kind of spurion; for each allowed value of ΘN1α one
finds a different gauged supergravity, for example the local gauge group is determined by
the value of ΘN1α .
We will now work out the consequences of the Jacobi identities for the deformed algebra
of eqs. (2.7) to (2.11). We begin with the Jacobi identities that arise from taking two E11
generators and Pc. These will place linear conditions on W
Pn+1
Sn as we have only one Pc.
In particular we first consider the identity
[[Ra1M1 , Rb1...bn,Nn], Pc] = [R
a1M1 , [Rb1...bn,Nn, Pc]] + [[R
a1M1, Pc], R
b1...bn,Nn] . (2.14)
We evaluate this using eqs. (2.7) to (2.13). Not all structures of Lorentz indices that arise
are independent due to the identity
nδ[b1|c R
a|b2...bn] = δacR
b1b2...bn − (n + 1)δ[ac Rb1b2...bn] . (2.15)
As such it suffices to consider the coefficients of only the terms involving δ
[a
c Rb1b2...bn] and
those of the form δacR
b1b2...bn and use the above equation to express any other contributions
in terms of these two forms. We find that at order g this leads, respectively, to the two
equations
fM1NnPn+1W
Pn+1
Sn = Xn
M1
Sn
Nn − fM1Qn−1SnWNnQn−1 (2.16)
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and
LM1NnPn = −
1
n
fM1Qn−1PnW
Nn
Pn −XnM1PnNn (2.17)
where Xn
M1
Sn
Nn = ΘM1α (D
α)Sn
Nn.
As noted above, the representation R1 ⊗Rn always contains the representation Rn+1
and so the structure constant fM1NnPn+1 can be inverted to leave only W
Pn+1
Sn on the
right-hand side of eq. (2.14). Thus this equation solves for W Pn+1Sn in terms of Θ
M1
α and
the lower level W PnSn−1 and these equations provide a set of recursion relations that allow
one to solve for all the W Pn+1Sn ’s in terms of Θ
M1
α . Eq. (2.12) then just gives L
M1Nn
Pn in
terms of ΘM1α .
At order g2 we find that the Jacobi identity of eq. (2.16) implies the relation
LM1NnPnU
Pn
Sn−1 = L
M1Qn−1
Sn−1W
Nn
Qn−1 . (2.18)
At lowest order eq. (2.14) implies that
fM1N1P2W
P2
S1 = 2X1
(M1
S1
N1) . (2.19)
In deriving this relation we have used that
[RaM1 ,ΘN1α R
α] = fM1Q0S1W
N1
Q0R
aS1 = −XN11 S1M1RaS1 (2.20)
since in terms of our notation fM1Q0S1 = −fQ0M1S1 = −(Dα)S1M1 and using our earlier
definition ΘN1α =W
N1
Q0.
While we have solved for all the W ’s in terms of Θ using the above equations it is more
practical to do this step for the W involved with the 4-form generator using the Jacobi
identity
[[Ra1a2M2 , Rb1b2,N2 ], Pc] = [R
a1a2M2, [Rb1b2,N2, Pc]] + [[R
a1a2M2 , Pc], R
b1b2,N2 ] (2.21)
and eqs. (2.11) and (2.12) rather than the Jacobi identity of eq. (2.14) for the case of
m = 1 and n = 3. Using similar arguments to those deployed above, we find at order g1
the two equations
WM2N2R3 = −WN2R1fR1M2R3 +WM2R1fR1N2R3 (2.22)
and
V M2N2R3 =W
M2N2
R3 . (2.23)
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Clearly, these solve forWM2N2R3 and V
M2N2
R3 in terms ofW
N2
R1 and so in terms of Θ
N1
α R
α,
while at order g2 we find that eq. (2.21) implies that
1
3
V M2N2P3U
P3
P2 = −LR1M2P2WN2R1 . (2.24)
It will be useful to also consider the Jacobi identity
[ΘN1α R
α, [Ra1...an,Pn, Pc]] = [Θ
N1
α R
α, Ra1...an,Pn], Pc] (2.25)
since [Rα, Pc] = 0. It implies that
XN1n−1Rn−1
Qn−1W PnQn−1 = X
N1
n Qn
PnWQnRn−1 . (2.26)
We now consider the consequences of the Jacobi identities that involve one E11 generator
Ra1...an,Pn and the generators Pc and Pd. This implies a quadratic constraint on W
Pn
Qn−1’s
that is given by
W PnQn−1W
Qn−1
Rn−2 = 0 . (2.27)
At the lowest order, i.e. n = 1, eq. (2.26) implies that
XN11 Q1
P1ΘQ1α = Θ
N1
ǫ f
ǫγ
αΘ
P1
γ . (2.28)
Finally we consider the Jacobi identity with Ka,b1...bn,Mn and Pc and Pd, namely
[[Ka,b1...bn,Mn, Pc], Pd]− [[Ka,b1...bn,Mn, Pd], Pc] = 0 , (2.29)
as [Pc, Pd] = 0. At order g
1 we find that
UPnPn−1 = −
n
n + 1
W PnPn−1 , (2.30)
while at order g2 we find that
UPnPn−1U
Pn−1
Pn−2 = 0 . (2.31)
The first equation solves for UPnPn−1 in terms of W
Pn
Pn−1 and so in terms of Θ
N1
α . Using
eq. (2.28) and eq. (2.30) we observe that eq. (2.31) is automatically solved. Furthermore
substituting eq. (2.30) into eq. (2.24) we find it is automatically satisfied using eq. (2.17).
We now summarise the content of this section so far. The deformation of the algebra of
eqs. (2.7) to (2.12) involves a number of the constants, namely LMmNnPn+m−1 , W
Mm
Mm−1 ,
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UPnPn−1 , V
M2N2
P3 andW
M2N2
P3. However, the Jacobi identities imply that all of these may
be solved in terms of theW ’s and these are in turn determined in terms of the single object
ΘN1α . Thus the entire deformation is determined in terms of Θ
N1
α , or equivalently
eq. (2.13).
However, the above equations also impose constraints on ΘN1α . Clearly, there are the
quadratic constraints of eq. (2.28) which are a set of constraints on ΘN1α once we have
substituted for the W ’s in terms of ΘN1α . However, we also have a set of linear constraints
that originate from eq. (2.16) whose right hand side can be expressed entirely in terms of
ΘN1α , a variable in which it is linear. As explained above the structure constant that occurs
in the commutator of eq. (2.1) obeys projector conditions arising from the fact that the
form generators on the right hand side do not belong to the representation Rm ⊗Rn, but
only to the representation Rn+m that it contains. The number of projection conditions
correspond to the number of irreducible representation inRm ⊗Rn which are not contained
in the representation Rn+m. However, certain of these structure constants, i.e. f
M1Nn
Pn+1
appear on the left hand side of eq. (2.16) and so the object ΘN1α that appears on the right
hand side of this equation will satisfy corresponding constraints. In particular, taking
n = D − 2 in eq. (2.16) we find the structure constant fM1αPD−1 on the left hand side
which obeys the constraints of eq. (2.5) for the cases of dimensions four, five and six. This
is evident from table 2 where we find that in these dimensions the representation R1 ⊗R0
contains three irreducible representations only one of which is RD−1. As explained in
appendix A this is a consequence of the fact that for these dimensionsR1 is the fundamental
representation of the internal symmetry group. In other dimensions one has to project out
more than two irreducible representations from R1 ⊗R0 to leave the representation RD−1
(see table 2) and so one has more projection conditions on the structure constant fM1αPD−1
and so on ΘN1α . Thus in dimensions four, five and six we will find two linear conditions on
ΘN1α which are evaluated in detail later in this paper and are found to be
(Dα)N1
M1ΘN1α = 0 (2.32)
and
(DβD
α)N1
M1ΘN1α = cΘ
M1
β (2.33)
where c is a constant plus possible further constraints. In dimension other than four, five
and six we find these constraints as well as further constraints. However, in dimensions
other than three, four, five and six one finds that all the conditions on ΘN1α already arise at
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lower levels than n = D−2 from similar conditions on the corresponding lower level struc-
ture constants. Hence, a priori although ΘN1α could belong to the representation R1 ⊗R0
the constraints discussed above, and derived in detail in each dimension in later sections,
restrict it to actually belong to the same representation as the D − 1 form generators i.e.
the RD−1 representation in all dimensions.
To summarise this section so far. We have found that the deformation is uniquely
determined in terms of ΘN1α and will find, taking account of results in later
sections, that this object obeys constraints that imply that it belongs to the
same representation as the D − 1 form generators.
We turn our attention to the construction of the field strengths from the Cartan forms.
We write the group element of the algebra of eqs. (2.7) to (2.12) in the form
g = ex
aPaeΦ·KeA·R (2.34)
where
eA·R = . . . eAa1...am,MmR
a1...am,MmeAa1...am−1,Mm−1R
a1...am−1,Mm−1
. . .
eAa1a2,M2R
a1a2,M2
eAa1,M1R
a1,M1
gϕ (2.35)
where gϕ = e
ϕαR
α
and eΦ·K is a similar expression involving the Ogievetsky fields and
generators. The field strengths are contained in the Cartan forms which we can write as
g−1dg = V(0) + V(1) + . . . (2.36)
where V(n) is the contribution at gn. The full calculation involves many terms but we
are only interested in the field strengths and so we will only keep terms that contain E11
generators. These contain terms of the form dxµGµa1...an,MnR
a1...an,Mn . The coefficients
Gµa1...an,Mn are not totally anti-symmetrised in all their µa1 . . . an indices, but the terms
that are not are set to zero using the inverse Higgs mechanism which solves for the cor-
responding Ogievetsky field. This mechanism is discussed in detail in reference [17]. The
term that is totally anti-symmetrised is the field strength and as this is what is needed
for the dynamics we will compute only this term. To carry out this task we only need the
commutation relation of eqs. (2.7) and (2.9) and need not include the Ogievetsky fields in
our computations.
Let us denote the totally anti-symmetric part of V by VA and write it as
VA =
∑
m
1
m+ 1
F˜µa1...am,MmR
a1...am,Mm = g−1ϕ
∑
m
1
m+ 1
Fµa1...am,MmR
a1...am,Mmgϕ (2.37)
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where Fµa1...am,Mm = F[µa1...am],Mm. We denote the order g
p contribution by F
(p)
µa1...am,Mm
, and
the structure of the algebra is such that only the order zero and the first order in g occur.
The factors of gϕ lead to the matrix functions (e
−ϕαDα)Mn
Nn where (Dα)Mn
Nn is in the
corresponding representation Rm. That is F˜µa1...am,Mm = (e
−ϕαDα)Mm
NmFµa1...am,Nm. As
these extra factors involving the scalars just complicate the formulae we will only explicitly
compute the Fµa1...am,Mm. The scalar factor just converts Fµa1...am,Mm which is in the linear
representation Rm into F˜µa1...am,Mm which is in a non-linear representation of the internal
symmetry, in fact transforming by a non-linear local subgroup rotation.
The terms in V(0)A are just the field strengths found from the E11 algebra without any
deformation and these have been computed in several cases before. We will begin by
computing these terms for any dimension making use of the notation developed above. We
use the well known relation
e−AdeA =
1− e−A
A
⋆ dA , (2.38)
where A is a generic operator and the ⋆-product is defined by
A ⋆ B = [A,B] , Ap ⋆ B = [A,Ap−1 ⋆ B] . (2.39)
We note that
[Aa1...am,MmR
a1...am,Mm, Rb1...bn,Nn] = La1...amPm+n
NnRa1...amb1...bn,Pm+n , (2.40)
where
La1...amPm+n
Nn = Aa1...am,Mmf
MmNn
Pm+n . (2.41)
Using these conventions we may also evaluate
Aa1...am,MmR
a1...am,Mm ⋆ Ab1...bn,MnR
b1...bn,Mn ⋆ Rc1...cp,Pp
= {La1...amLb1...bn}Pm+n+pPpRa1...amb1...bn,c1...cpPm+n+p , (2.42)
where the two L factors are multiplied using matrix multiplication on their internal sym-
metry indices.
Denoting with
gmA = e
Aa1...am,MmR
a1...am,Mm (2.43)
and
g<mA = e
Aa1...am−1,Mm−1R
a1...am−1,Mm−1
. . . eAa1a2,M2R
a1a2,M2
eAa1,M1R
a1,M1
gϕ , (2.44)
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we write
V(0)A =
∑
m
(g<mA )
−1(gmA )
−1dgmA g
<m
A . (2.45)
This expression can be evaluated using eq. (2.38). The result is further simplified by using
the language of forms. We find that
F
(0)
µa1...am,Nm
dxµ ∧ dxa1 ∧ . . . ∧ dxam = (m+ 1)
∑
n1,...,nr
(−1)n1
n1!
. . .
(−1)nr−1
nr−1!
(−1)nr
(nr + 1)!
dxµ ∧ {(L(1) ∧ . . . ∧ L(1))(L(2) ∧ . . . ∧ L(2)) . . . (L(r) ∧ . . . ∧ L(r))}NmNr∂µANr ,(2.46)
where ∂µANr = ∂µAa1...ar ,Nrdx
a1∧. . .∧dxar and L(m)•• = Aa1...am,Mmdxa1∧. . .∧dxamfMm••.
The sum being over all integers np such that m = n1 +2n2 + . . .+ (r− 1)nr−1 + r(nr +1).
We now compute the analogous terms at order g1, that is those involving totally anti-
symmetric indices and E11 generators. Using eq. (2.9) we find that
V(1)A = e−A·RdxµPµeA·R
= g
∑
m
(g<mA )
−1 1− (gmA )−1
Aa1...am,MmR
a1...am,Mm
WNmNm−1dx
µAµa1...am−1,NmR
a1...am−1,Nm−1 g<mA
+dxµeµ
aPa . (2.47)
Further evaluating this expression using the above notation we find that
F
(1)
µa1...am,Nm
dxµ ∧ dxa1 . . . ∧ dxam = (m+ 1)g
( ∑
n1,...,nr
(−1)n1
n1!
. . .
(−1)nr−1
nr−1!
(−1)nr
(nr + 1)!
dxµ ∧ {(L(1) ∧ . . . ∧ L(1))(L(2) ∧ . . . ∧ L(2)) . . . (L(r) ∧ . . . ∧ L(r))}NmNr−1WNrNr−1A(r)µNr
− (−1)
m
m+ 1!
dxµ ∧ {L(1) ∧ . . . ∧ L(1)}NmR1XN11 R1M1A(1)M1A
(1)
µN1
)
, (2.48)
where A
(r)
µ,Nr
= Aµa1...ar−1,Nrdx
a1 ∧ . . . ∧ dxar−1 and A(1)M1 = Aa,M1dxa. The sum is such that
m = n1 + 2n2 + . . . + (r − 1)(nr−1 + 1) + rnr, there being np factors of L(p) in the first
term, where r must be greater than 1, and m − 1 factors of L(1) in the second term. The
contribution to the one form field strength consists of the term gAµM1dx
µΘM1α R
α.
To summarise this section. We have found all deformations of the form of eqs.
(2.7) to (2.12) are determined by the one variable ΘN1α and this belongs to the
same representation as the D − 1 forms, i.e. RD−1, as well as satisfying certain
quadratic constraints. We have computed the fields strengths that occur in
the non-linear realisation of the deformed algebra. Thus we have found all
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the field strengths of all the maximal supergravities in all dimensions. We have
therefore reduced the computation of the field strengths and gauge transformations of
gauged supergravities to a purely algebraic construction based on E11.
To conclude this section, we discuss the gauge transformations of the fields. These arise
in the non-linear realisation as rigid transformations of the group element, g → g0g, as
long as one includes the Ogievetsky generators [17]. In particular, in the massless theory
the action of
g0 = exp(aa1...an,NnR
a1...an,Nn) (2.49)
generates a global transformation of the fields of parameter aa1...an,Nn , and the net effect
of including the Ogievetsky generators is to promote this global symmetry to a local one
via the identification
aa1...an,Nn → ∂[a1Λa2...an],Nn . (2.50)
In the massive theory, this is modified due to the fact that the E11 generators have non-
trivial commutation relations with the momentum operator. If one acts with g0 as in
eq. (2.49) on the group element of eq. (2.34) and uses eq. (2.9), passing through ex
aPa
generates the term
exp(−gWNnNn−1xa1aa1...an,NnRa2...an,Nn−1) . (2.51)
Therefore, together with the constant transformation generated by the action of the term in
eq. (2.49), the massive theory develops a transformation that is linear in x. The inclusion
of the Og generators then has the net effect of promoting aa1...an,Nn to a local parameter,
and the gauge transformation of the fields is obtained by taking the global aa1...an,Nn of the
massless theory and making the identification
aa1...an,Nn → ∂[a1Λa2...an],Nn − gWNn+1NnΛa1...an,Nn+1 (2.52)
instead of that of eq. (2.50). Indeed taking Λa1...an−1,Nn to be at most linear in x this iden-
tification reproduces the transformations generated by eqs. (2.49) and (2.51). Therefore
the gauge transformations of all the fields in the massive theory are given by the ones of
the massless theory, provided that one makes the change
∂[a1Λa2...an],Nn → ∂[a1Λa2...an],Nn − gWNn+1NnΛa1...an,Nn+1 . (2.53)
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A special case is the case n = 0 in eq. (2.52), for which although the first term on the
right-hand side is not present, the second term gives a gauge transformation of parameter
− gΘM1α ΛM1 . (2.54)
This determines the way in which all the fields transform under the gauge parameter ΛM1
at order g, the field Aa1...an,Nn transforming as
δAa1...an,Nn = −gΘM1α ΛM1DαNnMnAa1...an,Mn . (2.55)
In sections from 3 to 9 we will apply the results of this section to all dimensions from 3
to 9, showing that in all cases ΘM1α and the D− 1 forms belong to the same representation
and determining the field strengths and gauge transformations of all the form fields of any
maximal supergravity theory in any dimension.
3 D=3
The bosonic sector of the massless maximal supergravity theory in three dimensions [21]
describes 128 scalars parametrising the manifold E8(+8)/SO(16) and the metric. This
theory arises from the E11 decomposition appropriate to three dimensions, corresponding
to the deletion of node 3 as shown in the Dynkin diagram of fig. 1. The 1-form generators of
✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐
✐
1 2 3 4 5 6 7 8 9 10
11
 ❅
Figure 1: The E11 Dynkin diagram corresponding to 3-dimensional supergravity. The
internal symmetry group is E8(+8).
E11 that arise in this decomposition belong to the 248 of E8. The corresponding fields are
dual to the scalars. There are also 2-form generators in the 1⊕ 3875, the corresponding
fields having vanishing field-strength in the massless theory. We will not consider in our
analysis the 3-forms and all the generators with mixed symmetry. To summarise, we
consider the form generators
Rα (248) Ra,α (248) Ra1a2,M (3875) Ra1a2 (1) , (3.1)
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where α = 1, ..., 248 denotes the adjoint and M = 1, ..., 3875 denotes the 3875 of E8.
The E11 commutation relations involving the generators in eq. (3.1) are
[Rα, Rβ] = fαβγR
γ
[Rα, Ra,β] = fαβγR
a,γ
[Rα, Ra1a2 ] = 0
[Rα, Ra1a2,M ] = DαN
MRa1a2,N
[Ra1,α, Ra2,β] = gαβRa1a2 + SαβM R
a1a2,M , (3.2)
where gαβ is proportional to the Cartan-Killing metric and it is the metric we use to
raise E8 indices in the adjoint, D
α
N
M are the E8 generators in the 3875 and S
αβ
M is an E8
invariant tensor. This invariant tensor is such that SαβM R
a1a2,M belongs to the 3875, and
using the E8 conventions and projection formulae of [22] one deduces that S
αβ
M must satisfy
the further conditions
gαβS
αβ
M = 0
SαβM = −
1
12
f ǫγ
αfǫδ
βSγδM . (3.3)
Indeed SαβM is symmetric in αβ, and the symmetric product of two 248 representations is
[248⊗ 248]S = 1⊕ 3875⊕ 27000 . (3.4)
The conditions of eq. (3.3) project out 1⊕ 27000 to ensure that SαβM Ra1a2,M belongs to
the 3875. The E8 metric is related to the structure constant by [22]
gαβ = − 1
60
fαγδf
βγδ , (3.5)
while another useful E8 identity is [22]
fαǫτfβ
ǫ
σf
γ
ρ
τf δρσ = 24δγ(αδ
δ
β) + 12gαβg
γδ − 20f ǫαγfǫβδ + 10f ǫαδfǫβγ . (3.6)
From the group element
g = ex·PeAa1a2R
a1a2
eAa1a2,MR
a1a2,M
eAa,αR
a,α
eφαR
α
(3.7)
one derives the field-strengths of the 1-forms and 2-forms. These indeed result from anti-
symmetrising the various terms in the Maurer-Cartan form, which is computed imposing
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that the generators in eq. (3.1) commute with momentum. We now consider the defor-
mations of the algebra of eq. (3.2) resulting from imposing that the generators have a
non-trivial commutation relation with momentum compatibly with the Jacobi identities.
We consider the general analysis of the previous section, applied to the three-dimensional
case via the identifications
Ra1,M1 → Ra1,α
Ra1a2,M2 → Ra1a2 , Ra1a2,M
ΘM1α → Θβα
WM2M1 → Wα , WMα . (3.8)
Eq. (2.19), resulting from the Jacobi identity of two 1-forms and momentum, reads
WMδS
αβ
M +Wδg
αβ = Θαγf
γβ
δ +Θ
β
γf
γα
δ . (3.9)
The embedding tensor Θαβ has no a priori symmetry, and thus is in the representations
generated by the symmetric product of two 248 given in eq. (3.4) together with those
generated in the antisymmetric product
[248⊗ 248]A = 248⊕ 30380 . (3.10)
We now show that eq. (3.9) rules out the possibility that the embedding tensor is
antisymmetric. Using eq. (3.3) one derives from eq. (3.9) the condition
Θαγf
γβ
δ +Θ
β
γf
γα
δ − 1
31
gαβΘγρf
γρ
δ +
1
12
Θγσf
σρ
δ[f
ǫ
γ
αfǫρ
β + f ǫρ
αfǫγ
β] = 0 . (3.11)
Taking Θ antisymmetric and contracting β and δ this equation gives
fαβγΘβγ = 0 , (3.12)
which rules out the 248. Using this and contracting eq. (3.11) with fτβ
δ one then shows
that the antisymmetric part of Θ vanishes completely, thus ruling out the 30380 too. The
fact that the 248 is ruled out also implies
Wα = 0 , (3.13)
as can be seen contracting α and β in eq. (3.9).
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We thus take Θ to be symmetric, which corresponds to the representations in eq. (3.4).
The tensor WMα has indices in 3875⊗ 248, and this leads to the irreducible representa-
tions
3875⊗ 248 = 779247⊕ 147250⊕ 30380⊕ 3875⊕ 248 . (3.14)
Therefore WMα is not along the 27000. From eq. (3.9) it then follows that taking Θ to
be in the 27000 one gets
(Θαγ)27000f
γβ
δ + (Θ
β
γ)27000f
γα
δ = 0 , (3.15)
which is inconsistent because it is the condition of invariance of Θ. Therefore the 27000
is also ruled out. The invariant tensor SαβM satisfies
SαβM SαβN = δMN , (3.16)
where δMN is the invariant tensor in the product [3875⊗ 3875]S, and using this and eq.
(3.13) one can invert eq. (3.9) to get
WMδ = 2Θ
α
γf
γβ
δS
M
αβ , (3.17)
that implies that WMα is in the 3875.
We have thus shown that the algebra can only be consistently deformed if the embedding
tensor belongs to 1⊕ 3875. In the case of the singlet deformation, WMα vanishes and
indeed eq. (3.9) becomes the invariance of Θ, which is the Cartan-Killing metric in this
case. Therefore our results reproduce the constraints on the embedding tensor found using
supersymmetry in [2]. We now show that also the quadratic constraints of [2] follow from
the consistency of the deformed E11 algebra. These come again from the general analysis
of the previous section. In particular, given that Θ is symmetric, both eq. (2.27) for n = 2
and eq. (2.28) give the same constraint, which is
Θαβ[f
βǫ
δΘ
γδ + fβγδΘ
δǫ] = 0 . (3.18)
This is the condition that the embedding tensor is invariant when projected by the embed-
ding tensor itself, and corresponds to the condition that the embedding tensor is invariant
under the subgroup of E8 which is gauged.
Here we have considered the Jacobi identities involving the 1-form and 2-form gener-
ators, but one can show that also the Jacobi identities involving the 3-forms close if one
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considers the deformations arising from the embedding tensor in the 1⊕ 3875, and more
generally the whole E11 algebra can be deformed consistently introducing this embedding
tensor.
In section 2 we have given a general procedure to compute the field strengths in any
dimension. This is expanded in appendix B. In the three-dimensional case, from the group
element in eq. (3.7) and the commutators derived in this section one then obtains the field
strength for the 1-form,
Fab,α = 2[∂[aAb],α +
1
2
gΘβδf
δγ
αA[a,βAb],γ + gW
M
αAab,M ] , (3.19)
transforming covariantly under the gauge transformations
δAa,α = ∂aΛα − gΘβδf δγαΛβAa,γ − gWMαΛa,M
δAab,M = ∂[aΛb],M +
1
2
SαβM ∂[aΛαAb],β − gΘβαDαMNΛβAab,N
−g
2
SαβM W
N
αΛ[a,NAb],β , (3.20)
where DαM
N are the generators in the 3875. Given the results in this section, we can also
compute the field strength of the 2-forms up to the term involving the 3-form. The result
is
Fa1a2a3,M = 3[∂[a1Aa2a3],M +
1
2
SαβM ∂[a1Aa2,αAa3],β + gA[a1a2,NAa3],αW
N
βS
αβ
M
+
g
6
A[a1,αAa2,βAa3],γΘ
α
δf
δβ
σS
γσ
M ]
Fa1a2a3 = 3[∂[a1Aa2a3] +
1
2
gαβ∂[a1Aa2,αAa3],β + gA[a1a2,NAa3],αW
N
βg
αβ
+
g
6
A[a1,αAa2,βAa3],γΘ
α
δf
δβγ ] . (3.21)
To prove the gauge covariance of these field strengths of the 2-forms one must include the
3-forms and determine their gauge transformations.
To summarise, we have obtained the field strengths and gauge transformations of any
gauged maximal supergravity theory in three dimensions. These field strengths satisfy du-
ality conditions. In particular, the field strengths of the 1-forms are related to the derivative
of the scalars, while the field strengths of the 2-forms are related to the embedding tensor.
4 D=4
In this section we consider the E11 decomposition relevant for the four-dimensional theory.
The corresponding Dynkin diagram is shown in fig. 2. The global symmetry of four-
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dimensional massless maximal supergravity [23] is E7(+7). This symmetry rotates electric
and magnetic vectors, and as such it is not a symmetry of the lagrangian, but only of the
equations of motion. This is in agreement with E11, in which fields and their magnetic
duals are treated on the same footing.
✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐
✐
1 2 3 4 5 6 7 8 9 10
11
 ❅
Figure 2: The E11 Dynkin diagram corresponding to 4-dimensional supergravity. The
internal symmetry group is E7(+7).
The bosonic field content of the supergravity theory contains 70 scalars parametrising
the manifold E7(+7)/SU(8), the metric and 28 vectors, that together with their magnetic
duals make the 56 of E7. E11 contains the corresponding generators, together with 2-form
generators in the 133 of E7, whose corresponding fields are dual to the scalars, 3-form
generators in the 912, together with 4-form generators in the 8645⊕ 133 and an infinite
number of generators with mixed symmetry in the spacetime indices. Summarising, the
form generators are
Rα (133) Ra,M (56) Ra1a2,α (133) Ra1a2a3,A (912) Ra1...a4,αβ (8645⊕ 133) , (4.1)
where α = 1, ..., 133, M = 1, ..., 56 and A = 1, ..., 912. The αβ indices of the 4-form are
antisymmetric, which indeed corresponds to the reducible representation 8645⊕ 133.
The E7 algebra is
[Rα, Rβ] = fαβγR
γ , (4.2)
where fαβγ are the E7 structure constants. We also introduce the generators D
α
M
N in the
56, that satisfy the commutation relation
DαM
PDβP
N −DβMPDαPN = fαβγDγMN . (4.3)
The M indices are raised and lowered by the antisymmetric invariant metric ΩMN , that is
for a generic object V M in the 56 we have
V M = ΩMNVN VM = V
NΩNM , (4.4)
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which implies
ΩMNΩNP = −δMP . (4.5)
Raising one index of the generator DαM
N one gets
Dα,MN = ΩMPDαP
N , (4.6)
which is symmetric in MN .
We now write down the rest of the algebra. The commutators between the scalars and
the other generators are dictated by the E7 representation that the generators carry. In
particular for the 1-form one has
[Rα, Ra,M ] = DαN
MRa,N (4.7)
and for the 2-form
[Rα, Ra1a2,β] = fαβγR
a1a2,γ . (4.8)
The other commutators are
[Ra1,M , RA2,N ] = DMNα R
a1a2,α
[Ra1,M , Ra2a3,α] = SMαA R
a1a2a3,A
[Ra1a2,α, Ra3a4,β] = Ra1...a4,αβ
[Ra1,M , Ra2a3a4,A] = CMAαβ R
a1...a4,αβ , (4.9)
where we have introduced the two E7 invariant tensors S
Mα
A and C
MA
αβ , the last one being
antisymmetric in αβ. Following [3], we are using the metric
gαβ = DαM
NDβN
M (4.10)
to raise and lower indices in the adjoint. This metric is proportional to the Cartan-Killing
metric, as can be seen from
fαβγf
αβδ = −3δδγ . (4.11)
A summary of the conventions for E7 and E6 is given in appendix A. The Jacobi identity
involving three 1-forms produces the condition
D(MNα S
P )α
A = 0 , (4.12)
and SMαA also satisfies
Dα,M
NSMαA = 0 , (4.13)
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which can be deduced from the fact that there is no singlet in the tensor product 56⊗ 912.
Contracting eq. (4.12) with DβNP gives
SMαA + 2(D
αDβ)N
MSNβA = 0 . (4.14)
As will be described in detail in appendix A, the conditions of eqs. (4.13) and (4.14) project
the Mα indices of SMαA along the 912. Indeed, the only way of building an invariant from
tensoring a 912 index with the product 56⊗ 133 is that this product is projected on the
912. The Jacobi identity between Ra,M , Rb,N and Rcd,α gives the condition
SMαA C
NA
βγ + S
Nα
A C
MA
βγ + δ
α
[βD
MN
γ] = 0 . (4.15)
One can check that also all the other Jacobi identities are satisfied. We also define the
invariant tensor ΩAB in the antisymmetric product of two 912 representations, using the
relation
SMαA SMαB = ΩAB , (4.16)
and we use ΩAB to raise and lower indices in the 912, adopting conventions analogous to
those of eq. (4.4).
Writing down the group element
g = ex·PeAa1...a4,αβR
a1...a4,αβ ...eAa,MR
a,M
eφαR
α
(4.17)
one determines the field strengths of the massless theory by antisymmetrising the spacetime
indices of the various terms in the Maurer-Cartan form, and the field equations of the
supergravity theory arise as duality relations. In particular, the field-strength of the vector
satisfies self-duality conditions, while the field-strength of the 2-form in dual to the scalar
derivative. The field-strengths of the 3-forms vanish in the massless theory. In deriving
the field strengths of the massless theory one takes the positive level E11 generators to
commute with momentum. In the following we will consider the deformation of the E11
algebra which results from modifying the commutation relations of the E11 generators with
momentum compatibly with the Jacobi identities, following the general results of section
2.
Applying the general analysis of section 2 to the four-dimensional case, one makes the
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identifications
Ra1,M1 → Ra1,M ΘM1α → ΘMα
Ra1a2,M2 → Ra1a2,α WM2M1 →W α(2)M
Ra1a2a3,M3 → Ra1a2a3,A WM3M2 → WA(3)α
Ra1...a4,M4 → Ra1...a4,αβ WM4M3 → W αβ(4) A . (4.18)
Eq. (2.19), arising from the Jacobi identity between two 1-forms and momentum, reads in
this case
W α(2)PD
MN
α = 2X
(MN)
P , (4.19)
where
XMNP = Θ
M
α D
α
P
N . (4.20)
Using eq. (4.10), from eq. (4.19) one gets
W α(2)M = −2DβMNDαNPΘPβ . (4.21)
Eq. (2.16) for n = 2, which is the condition that the Jacobi identity involving the 1-form,
the 2-form and momentum is satisfied, reads
SMαA W
A
(3)β = −W α(2)NDMNβ +ΘMγ f γαβ . (4.22)
This has to be compatible with the conditions of eqs. (4.13) and (4.12) that S satisfies.
The first condition gives
2ΘMα Dβ,M
NDαN
P +ΘPβ −XMNMDβ,NP = 0 , (4.23)
while the second is identically satisfied. If we then contract this last equation with DβP
Q
we get
XMNM = Θ
M
α D
α
M
N = 0 , (4.24)
and plugging this into (4.23) and comparing with (4.21) one obtains
W α(2)M = −ΘαM . (4.25)
Substituting this in eq. (4.19) gives
X(MNP ) = 0 , (4.26)
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and contracting this with Dα,NP gives
ΘMα = −2Dα,NPΘNβ DβPM . (4.27)
The two conditions of eqs. (4.24) and (4.27) project the embedding tensor Θ to belong to
the 912 of E7. Therefore we have shown that E11 produces all the linear (or representation)
constraints on ΘMα . The Jacobi identities at the next level then give
W αβ(4) A = −2Θ[αMSMβ]A . (4.28)
The embedding tensor also satisfies quadratic constraints that follow from the general
analysis of section 2. In particular eq. (2.28), resulting from the Jacobi identity involving
ΘMα R
α, Ra,M and momentum, together with eq. (2.27) for n = 2, resulting from the Jacobi
identity involving the 2-form and two momentum operators, and which reads in this case
ΩMNΘ
M
α Θ
N
β = 0 , (4.29)
imply that the quantities (XM)NP are the generators of the subgroup of E7 that in gauged.
This analysis thus exactly reproduces all the constraints of [7]. It is important to stress that
from E11 all the constraints arise from imposing the consistency of the deformed algebra.
To summarise, the Jacobi identities impose that the commutators of the deformed E11
generators with momentum are
[Ra,M , Pb] = −gδabΘMα Rα
[Ra1a2,α, Pb] = gΘ
α
Mδ
[a1
b R
a2],M
[Ra1a2a3,A, Pb] = −gSAMα[ΘαNDMNβ +ΘMγ f γαβ]δ[a1b Ra2a3],β
[Ra1...a4,αβ , Pb] = 2gΘ
[α
MS
Mβ]
A δ
[a1
b R
a2...a4],A . (4.30)
From these commutators, as well as the E11 commutators of eq. (4.9), and using the group
element in eq. (4.17), one determines the field strengths and gauge transformations of the
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fields. The result is
Fa1a2,M = 2[∂[a1Aa2],M − gΘαMAa1a2,α +
g
2
A[a1,NAa2],PX
NP
M ]
Fa1a2a3,α = 3[∂[a1Aa2a3],α +
1
2
∂[a1Aa2,MAa3],ND
MN
α + gS
A
Mβ(Θ
β
ND
MN
α +Θ
M
γ f
γβ
α)Aa1a2a3,A
−gΘβMDMNα A[a1a2,βAa3],N +
g
6
A[a1,MAa2,NAa3],PX
MN
QD
QP
α ]
Fa1...a4,A = 4[∂[a1Aa2a3a4],A − SMαA ∂[a1Aa2a3,αAa4],M −
1
6
DMNα S
Pα
A ∂[a1Aa2,MAa3,NAa4],P
−2gΘαMSMβA Aa1...a4,αβ − gSBMα(ΘαNDMNβ +ΘMγ f γαβ)SPβA A[a1a2a3,BAa4],P
−g
2
ΘαMS
Mα
A A[a1a2,αAa3a4],β +
g
2
ΘαPD
MP
β S
Nβ
A A[a1a2,αAa3,Maa4],N
− g
24
XMNRD
PR
α S
Qα
A A[a1,MAa2,NAa3,PAa4],Q] , (4.31)
transforming covariantly under
δAa,M = aa,M − gXNPMΛNAa,P
δAa1a2,α = aa1a2,α +
1
2
DMNα a[a1,MAa2],N − gΘMβ ΛMfβγαAa1a2,γ
δAa1a2a3,A = aa1a2a3,A + S
Mα
A a[a1,MAa2a3],α −
1
6
SMαA D
NP
α A[a1,MAa2,Naa3],P
−gΘMα DαABΛMAa1a2a3,B
δAa1...a4,αβ = ∂[a1Λa2a3a4],αβ +
1
2
a[a1a2,αAa3a4],β + C
MA
αβ a[a1,MAa2a3a4],A
− 1
24
DPQγ C
MA
αβ S
Nγ
A A[a1,MAa2,NAa3,Paa4],Q +
1
4
DMN[α A[a1a2,β]Aa3,Maa4],N
+2gΘMδ f
δγ
[αΛMAa1...a4,β]γ , (4.32)
where DαA
B are the generators in the 912 and the parameters aa,M , aa1a2,α and aa1a2a3,A
are defined in terms of the gauge parameters as
aa,M = ∂aΛM + gΘ
α
MΛa,α
aa1a2,α = ∂[a1Λa2],α − gSAMβ(ΘβNDMNα +ΘMγ f γβα)Λa1a2,A
aa1a2a3,A = ∂[a1Λa2a3],A + 2gΘ
α
MS
Mβ
A Λa1a2a3,αβ . (4.33)
These are the field strengths and gauge transformations of any gauged maximal supergrav-
ity theory in four dimensions.
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5 D=5
We now consider the five-dimensional case. The bosonic sector of the maximal massless
supergravity theory in five dimensions [24] contains 42 scalars parametrising the manifold
E6(+6)/USp(8), the metric and a 1-form in the 27. This theory arises from the decompo-
sition of E11 appropriate to five dimensions whose Dynkin diagram is shown in fig. 3. The
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Figure 3: The E11 Dynkin diagram corresponding to 5-dimensional supergravity. The
internal symmetry group is E6(+6).
form generators up to the 4-form included that occur in this decomposition of E11 with
respect to GL(5,R)⊗E6 are [13]
Rα (78) Ra,M (27) RabM (27) R
abc,α (78) RabcdMN (351) , (5.1)
where Rα, α = 1, . . . , 78 are the E6 generators, and an upstairs M index, M = 1, . . . , 27,
corresponds to the 27 representation of E6, a downstairs M index to the 27 of E6 and the
4-forms are antisymmetric in MN , thus belonging to the 351. The commutation relations
for the E6 generators is
[Rα, Rβ] = fαβγR
γ , (5.2)
where fαβγ are the structure constants of E6. The commutation relations of R
α with all
the other generators is determined by the E6 representations that they carry. This gives
[Rα, Ra,M ] = (Dα)N
MRa,N
[Rα, RabM ] = −(Dα)MNRabN
[Rα, Rabc,β] = fαβγR
abc,γ
[Rα, RabcdMN ] = −(Dα)MPRabcdPN − (Dα)NPRabcdMP , (5.3)
where (Dα)N
M obey
[Dα, Dβ]M
N = fαβγ(D
γ)M
N . (5.4)
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The commutation relations of all the other generators are
[Ra,M , Rb,N ] = dMNPRabP
[Ra,N , RbcM ] = gαβ(D
α)M
NRabc,β
[RabM , R
cd
N ] = R
abcd
MN
[Ra,P , Rbcd,α] = SαP,MNRabcdMN (5.5)
where dMNP is the completely symmetric invariant tensor of E6 and g
αβ is defined by the
relation
DαM
NDβN
M = gαβ (5.6)
and is thus proportional to the Cartan-Killing metric of E6, and is the metric that is used
to raise and lower indices in the adjoint (we are using the E6 conventions of [3], that are
summarised in appendix A). Another useful identity is
fαβγf
αβδ = −4δδγ , (5.7)
where fαβγ are the structure constants of E6. S
αP,MN is also an invariant tensor, antisym-
metric with respect to MN , and the Jacobi identity between two 1-forms and one 2-form
gives
gαβD
α
Q
(PSβR),MN = −1
2
δ
[M
Q d
N ]PR . (5.8)
Using the fact that dMNP is completely antisymmetric one derives from this the condition
gαβD
α
M
NSβM,PQ = 0 . (5.9)
One can show that all the Jacobi identities involving the generators are satisfied using the
commutators listed above [13].
We now show that SαM,NP is proportional to DαQ
[NdP ]MQ and determine the coefficient
of proportionality. We introduce the invariant tensor dMNP in the completely symmetric
product of three 27 indices, that satisfies [4]
dMNPdMNQ = δ
P
Q . (5.10)
Observe that the normalisation used here differs from the one used in [16], where the same
contraction produced the delta function with a factor 5. This simply corresponds to a
rescaling of d by
√
5. In appendix A we derive the useful relation
gαβD
α
M
NDβP
Q =
1
6
δNP δ
Q
M +
1
18
δNMδ
Q
P −
5
3
dNQRdMPR . (5.11)
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Using this relation one shows that eq. (5.8) implies
SαM,NP = −3DαQ[NdP ]MQ . (5.12)
Notice that this relation differs from the one in [16] because of the different conventions
used in that paper. In particular in [16] the generators were normalised in such a way that
the first coefficient in eq. (5.11) was equal to 1. Contracting eq. (5.8) with DγP
Q and using
eq. (5.12) one finally gets
SαM,NP +
3
2
(DαDβ)Q
MSβQ,NP = 0 . (5.13)
As we will describe in detail in appendix A, the conditions of eqs. (5.9) and (5.13) are
the conditions that the indices αM in SαM,NP are in the 351. Indeed, given that the NP
indices are antisymmetric and thus form the 351, the only way of building an invariant
tensor from tensoring this with the product 27⊗ 78 is to project this product on the 351.
Later in this section we will derive from E11 the same projection rules for the embedding
tensor.
From the group element
g = ex·PeA
MN
a1...a4
R
a1...a4
MN eAa1a2a3,αR
a1a2a3,αeA
M
a1a2
R
a1a2
M eAa,MR
a,M
eφαR
α
, (5.14)
one can compute the Maurer-Cartan form using the fact that the generators commute with
momentum in the massless theory. The complete antisymmetrisation of the indices leads
to the gauge-invariant field-strengths of the massless theory obtained in [13].
We now consider the deformed case. This was analysed in detail in [17], where it was
shown that introducing the Ogievetsky generators and deforming the algebra one obtains
the field strengths of all the fields and dual fields of the gauged maximal five-dimensional
supergravity which had been previously obtained in [16]. We now only concentrate on
the deformed E11 generators, as we do in all other cases in this paper, which is all one
needs to determine the field strengths of the massive theory. This is completely consistent
if one simply assumes that the indices are antisymmetrised, and indeed the completely
antisymmetric part of the Ogievetsky generators vanishes. As it is clear from the discussion
in section 2, considering only the constraints coming from taking into account the deformed
E11 generators is enough to determine the whole deformed algebra. The following analysis
thus determines all the possible massive deformations of the algebra of eq. (5.5).
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The general analysis of section 2 can be applied to the five-dimensional case making
the identifications
Ra1,M1 → Ra1,M ΘM1α → ΘMα
Ra1a2,M2 → Ra1a2M WM2N1 → WMN
Ra1a2a3,M3 → Ra1a2a3,α WM3M2 →W αM(3)
Ra1...a4,M4 → Ra1...a4MN WM4M3 →W(4)MNα . (5.15)
The Jacobi identity among two 1-forms and momentum gives eq. (2.19), which in this case
is
dMNQWQP = 2X
(MN)
P , (5.16)
where as usual
XMNP = Θ
M
α D
α
P
N . (5.17)
Contracting with dMNR one then gets
WRP = 2dMN [RΘ
M
α D
α
P ]
N − dRPNXMNM , (5.18)
where the first term is antisymmetric and the second is symmetric in RP . The Jacobi
identity involving the 1-form, the 2-form and momentum gives eq. (2.16) for n = 2, which
is
WNPd
PMQ +XMQN = −WQ(3)αDαNM , (5.19)
while the Jacobi identity involving two 2-forms and momentum gives
W α(4)MN = WMPD
α
N
P −WNPDαMP (5.20)
and the Jacobi identity involving the 1-form, the 3-form and momentum gives
W γ(4)NPS
M,NP
α = Θ
M
β f
β
αγ −WN(3)αDγ,NM . (5.21)
Substituting W α(4)MN given in eq. (5.20) in this last equation and contracting α and γ gives
2WNQDα,P
QSαM,NP = −WN(3)αDα,NM , (5.22)
and using eq. (5.19), as well as eqs. (5.12) and (5.11), one obtains
WMNd
MNP = 0 . (5.23)
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From eq. (5.19) one can deduce that this implies
XMNM = D
α
M
NΘMα = 0 , (5.24)
so that from eq. (5.18) one gets that WMN must be antisymmetric, that is it belongs to
the 351. This also implies that
WM(3)α = Θ
M
α , (5.25)
and substituting everything in eq. (5.21) one gets
fαβγΘ
Q
β −DαPQΘPγ = 2DαMPWPNgβγSβQ,MN , (5.26)
where WMN is in the 351. If Θ was not along the 351 this equation would be inconsistent
because it would imply the invariance of Θ under E6. Therefore the embedding tensor has
to belong to the 351. To determine this more rigorously, we now show that eq. (5.26)
leads to the projection for Θ analogous to that in eq. (5.13). Contracting eq. (5.26) with
DαQ
R gives
26
9
ΘRγ + (DγD
β)Q
RΘQβ =
20
9
WNPS
R,NP
γ , (5.27)
while contracting it with fαγδ gives
4ΘRγ + (DγD
β)Q
RΘQβ =
10
3
WNPS
R,NP
γ , (5.28)
and combining these two equations one gets
ΘRγ +
3
2
(DγD
β)Q
RΘQβ = 0 . (5.29)
This equation, together with eq. (5.24), projects the embedding tensor on the 351.
The embedding tensor also satisfies quadratic constraints, as discussed in complete
generality in section 2. The Jacobi identity between ΘMα R
α, Ra,N and Pb gives
ΘMα Θ
N
β f
αβ
γ −ΘPγXMNP = 0 , (5.30)
while the Jacobi identity between the 2-form and two momentum operators gives
ΘMα WMN = 0 . (5.31)
Combining these two conditions one obtains the condition that the embedding tensor is
invariant under the gauge group, which is the subgroup of E6 generated by Θ
M
α R
α.
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To summarise, we have shown that the Jacobi identities constrain the commutators of
the deformed E11 generators and momentum to be
[Ra,M , Pb] = −gδabΘMα Rα
[Ra1a2M , Pb] = −gWMNδ[a1b Ra2],N
[Ra1a2a3α, Pb] = −gΘMα δ[a1b Ra2a3]M
[Ra1...a4MN , Pb] = −2gW[M |P |DαN ]P δ[a1b Ra2a3a4]α . (5.32)
From this commutators,as well as the E11 commutators of eq. (5.5), and using the group
element of eq. (5.14), we determine the field strengths of the fields using the general results
of section 2. The result is
Fa1a2,M = 2[∂[a1Aa2],M +
1
2
gX
[NP ]
M A[a1,NAa2],P − gWMNANa1a2 ]
FMa1a2a3 = 3[∂[a1A
M
a2a3]
+
1
2
∂[a1Aa2,NAa3],Pd
MNP − 2gX(MN)P AP[a1a2Aa3],N
+
1
6
gX
[NP ]
R d
RQMA[a1,NAa2,PAa3],Q + gΘ
M
α A
α
a1a2a3
]
F αa1...a4 = 4[∂[a1A
α
a2...a4]
− 1
6
∂[a1Aa2,MAa3,NAa4],Pd
MNQDαQ
P − ∂[a1AMa2a3Aa4],NDαMN
+gDαM
PΘMβ A[a1,PA
β
a2...a4]
+ 2gDαM
PWPNA
MN
a1...a4
− g
2
DαM
PWPNA
M
[a1a2
ANa3a4]
−gDαMPX(MR)Q A[a1,PAa2,RAQa3a4] −
1
24
gX
[MN ]
R d
RPSDαS
QA[a1,MAa2,NAa3,PAa4],Q] .(5 33)
These are the field-strengths of the five-dimensional gauged maximal supergravity [16].
One can also derive the gauge transformations of the fields from the non-linear realisation.
The result is
δAa,M = aa,M − gΛNXNPMAa,P
δAMa1a2 = a
M
a1a2
+
1
2
a[a1,NAa2]Pd
MNP + gΛNX
NM
PA
P
a1a2
δAαa1a2a3 = a
α
a1a2a3
+ a[a1,MA
N
a2a3]
DαN
M +
1
6
a[a1,MAa2,NAa3],Pd
MNQDαQ
P
−gΛMΘMβ fαβγAγa1a2a3
δAMNa1...a4 = ∂[a1Λ
MN
a2a3a4]
+
1
2
a
[M
[a1a2
AN ]a3a4 + a[a1,PA
α
a2a3a4]
gαβS
βP,MN
− 1
24
a[a1,PAa2,QAa3,RAa4],Sd
PQTDαT
RSβS,MNgαβ − 1
4
a[a1,PAa2,QA
[M
a3a4]
dN ]PQ
−2gΛPXP [MQAN ]Qa1...a4 , (5.34)
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where the parameters aa,M , a
M
a1a2
and aαa1a2a3 are defined in terms of the gauge parameters
as
aa,M = ∂aΛM + gWMNΛ
N
a
aMa1a2 = ∂[a1Λ
M
a2]
− gΘMα Λαa1a2
aαa1a2a3 = ∂[a1Λ
α
a2a3] − 2gWMPDαNPΛMNa1a2a3 . (5.35)
We also compute the field strength of the 4-form up to a term involving the 5-form, the
result being
FMNa1...a5 = 5[∂[a1A
MN
a2...a5]
+ ∂[a1A
α
a2...a4
Aa5],PS
βP,MNgαβ
−1
2
DαP
QSαR,MN∂[a1A
P
a2a3
Aa4,QAa5],R +
1
2
∂[a1A
[M
a2a3
A
N ]
a4a5]
− 1
24
dPRQDαR
SSαT,MN∂[a1Aa2,PAa3,QAa4,SAa5],T
+2gWRQDαS
QSαP,MNARS[a1...a4Aa5],P + gΘ
[M
α A
α
[a1a2a3
A
N ]
a4a5]
−g
2
ΘPαDβ,P
QSβR,MNAα[a1a2a3Aa4,QAa5],R +
g
2
WRQDα,S
QSαP,MNAR[a1a2A
S
a3a4
Aa5],P
−g
6
WTRd
RUSDαS
PSαQ,MNAT[a1a2Aa3,UAa4,PAa5],Q
− g
5!
XPQUd
URVDβ,V
SSβT,MNA[a1,PAa2,QAa3,RAa4,SAa5],T ] . (5.36)
In order to compute the complete field strength for the 4-form one should consider the
contribution of the 5-form generators in the deformed algebra.
6 D=6
In this section we consider the six-dimensional case. The symmetry of the massless maximal
supergravity theory in 6 dimensions [25] is SO(5, 5), and the bosonic sector of the theory
describes 25 scalars parametrising SO(5, 5)/[SO(5)× SO(5)], the metric, a 1-form in the
16 and a 2-form in the 10, whose field strength satisfies a self-duality condition. From
E11 this theory arises after deleting node 6 in the E11 Dynkin diagram, as shown in fig. 4.
From the diagram it is manifest that the 1-forms belong to the spinor representation.
The positive level E11 generators with completely antisymmetric spacetime indices that
arise in six dimensions, without considering the 6-forms, are
RMN (45) Ra,α˙ (16) Ra1a2,M (10) Ra1a2a3,α (16)
Ra1a2a3a4,MN (45) Ra1...a5,Mα (144) , (6.1)
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Figure 4: The E11 Dynkin diagram corresponding to 6-dimensional supergravity. The
internal symmetry group is SO(5, 5).
where M = 1, . . . , 10 is a vector index of SO(5, 5) and α, α˙ = 1, . . . , 16 denote the two
spinor representations of SO(5, 5). The scalar generators RMN and the 4-form generators
Ra1a2a3a4,MN are antisymmetric in MN and thus belong to the 45 of SO(5, 5). Note that
the 1-form generators belong to the 16 of SO(5, 5), which is denoted by the α˙ index, as
they belong to the representation complex conjugate to the one of the vector fields. The
2-forms belong to the 10, the 3-forms belong to the 16 and the 5-forms to the 144.
It is useful to list the conventions for the SO(5, 5) Gamma matrices that we are using.
In particular, we are using a Weyl basis, so that the Gamma matrices have the form
ΓM,A
B =
(
0 ΓM,α
β˙
ΓM,α˙
β 0
)
, (6.2)
where A = 1, ..., 32. They satisfy the Clifford algebra
{ΓM ,ΓN} = 2ηMN (6.3)
where ηMN is the Minkowski metric. The charge conjugation matrix is
CAB =
(
0 Cαβ˙
C α˙β 0
)
, (6.4)
which is antisymmetric and unitary, that is
Cαβ˙ = −C β˙α (6.5)
and
C†
αβ˙
C β˙γ = δγα C
†
α˙βC
βγ˙ = δγ˙α˙ , (6.6)
and satisfies the property
CΓMC
† = −ΓTM . (6.7)
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In this section we will make use of various Fierz identities, the most relevant being
(CΓM)
(αβΓMα˙
γ) = 0 (CΓM)
(α˙β˙ΓMα
γ˙) = 0 , (6.8)
which is the well-known identity of Gamma matrices in ten dimensions. The 5-form gen-
erators satisfy the constraint
Ra1...a5,MαΓMα
α˙ = 0 , (6.9)
which indeed restricts them in the 144 of SO(5, 5).
We now analyse the commutation relations. The SO(5, 5) algebra is
[RMN , RPQ] = ηMPRNQ − ηNPRMQ + ηNQRMP − ηMQRNP (6.10)
while the commutators of the SO(5, 5) generators is
[RMN , Ra,α˙] = −1
2
ΓMNβ˙
α˙Ra,β˙
[RMN , Rab,P ] = ηMPRab,N − ηNPRab,M
[RMN , Rabc,α] = −1
2
ΓMNβ
αRabc,β (6.11)
and similarly for the higher rank generators. The commutators of the positive level gener-
ators of eq. (6.1) are
[Ra1,α˙, Ra2,β˙] = (CΓM)
α˙β˙Ra1a2,M
[Ra1,α˙, Ra2a3,M ] = ΓMα
α˙Ra1a2a3,α
[Ra1a2,M , Ra3a4,N ] = Ra1...a4,MN
[Ra1,α˙, Ra2a3a4,α] =
1
4
(CΓMN)
α˙αRa1...a4,MN
[Ra1,α˙, Ra2...a5,MN ] = Γ[Mα
α˙Ra1...a5,N ]α
[Ra1a2,M , Ra3a4a5,α] = −1
2
Ra1...a5,Mα . (6.12)
One can show that all the Jacobi identities are satisfied. From this algebra, one can write
down the group element
g = ex·PeAa1...a5,MαR
a1...a5,Mα
eAa1...a4,MNR
a1...a4,MN
eAa1a2a3,αR
a1a2a3,α
eAa1a2,MR
a1a2,MeAa,α˙R
a,α˙
eφMNR
MN
(6.13)
and compute the Maurer-Cartan form. The field strengths of the massless theory are
then obtained antisymmetrising the spacetime indices of the various terms in the Maurer-
Cartan form, and the field equations of the supergravity theory arise as duality relations.
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In particular, the field-strength of the vector is dual to the field-strength of the 3-form,
while the field strength of the 4-form is dual to the derivative of the scalars. The 2-forms
satisfy self-duality conditions, while the field strength of the 5-form vanishes in the massless
theory. In deriving the field strengths of the massless theory one takes the positive level E11
generators to commute with momentum. In the following we will consider the deformation
of the E11 algebra which results from modifying the commutation relations of the E11
generators with momentum compatibly with the Jacobi identities. As already shown in
other cases these deformations exactly coincide with all the possible massive deformations
of the corresponding supergravity theory.
We thus consider all the consistent deformations of the massless algebra. Restricting
the general analysis of section 2 to the particular case of six dimensions, we write the most
general commutators of the first three positive level E11 generators with momentum as
[Ra,α˙, Pb] = −gΘα˙,MNRMN
[Ra1a2,M , Pb] = −gWM(2)α˙δ[a1b Ra2],α˙
[Ra1a2a3,α, Pb] = −gW α(3)Mδ[a1b Ra2a3],M , (6.14)
where Θ is antisymmetric in MN . It turns out that the Jacobi identities involving these
operators are enough to restrict the representation of Θ completely and to determine W(2)
andW(3) uniquely in terms of Θ. This is what we are showing now. As done already in other
sections for different dimensions, we can assume that the upstairs spacetime indices are
all antisymmetrised when we compute the Jacobi identities. Indeed, the terms which are
not completely antisymmetric are cancelled by deforming the E11 commutation relations
in terms of Og 1 operators. The details of this mechanism were shown in [17] for various
examples. In this paper we are only interested in the part of the algebra which is relevant
for the determination of the field strengths, and thus we do not need to determine the part
of the deformation which involves the Og generators.
The Jacobi identity between two 1-forms and momentum gives the relation
(CΓ)α˙β˙WM(2)γ˙ = −
1
2
ΓMN,γ˙
α˙Θβ˙,MN − 1
2
ΓMN,γ˙
β˙Θα˙,MN , (6.15)
while the Jacobi identity between the 1-form, the 2-form and momentum gives
ΓMα
α˙W α,N(3) = 2Θ
α˙,MN −WM(2)β˙(CΓN )α˙β˙ (6.16)
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The antisymmetry of Θ in MN in the last equation implies
W α,M(3) = C
αα˙WM(2)α˙ , (6.17)
as can be shown taking the part of eq. (6.16) which is symmetric in MN , and therefore
does not contain Θ, and suitably contracting with Gamma matrices. Eq. (6.16) thus
becomes
Θα˙,MN = −(CΓ[M)α˙β˙WN ](2) β˙ , (6.18)
and substituting this back in eq. (6.15) gives
[(CΓM)
α˙β˙δδ˙γ˙ +
1
2
(CΓN)β˙δ˙ΓMN,γ˙
α˙ +
1
2
(CΓN)α˙δ˙ΓMN,γ˙
β˙]WM(2)δ˙ = 0 . (6.19)
Using the Fierz identity of eq. (6.8) one can show that this equation implies
ΓM,α
α˙WM(2)α˙ = 0 . (6.20)
This analysis shows that the most general deformation of the algebra is encoded in the
embedding tensor
ΘMα˙ = −WM(2)α˙ (6.21)
which belongs to the 144. This is exactly the embedding tensor of the maximal supergrav-
ity theory in six dimensions [8], and this analysis shows again, as in any dimension, that
the linear (or representation) constraint of the embedding tensor is completely encoded in
the (deformed) E11 algebra.
One can determine the commutation relation of the 4-form and the 5-form with mo-
mentum requiring that all the Jacobi identities close. The final result is
[Ra,α˙, Pb] = −g(CΓM)α˙β˙ΘNβ˙ δabRMN
[Ra1a2,M , Pb] = gΘ
M
α˙ δ
[a1
b R
a2],α˙
[Ra1a2a3,α, Pb] = gC
αα˙ΘMα˙ δ
[a1
b R
a2a3]
M (6.22)
[Ra1...a4,MN , Pb] = −2gΓ[Mα α˙ΘN ]α˙ δ[a1b Ra2a3a4],α
[Ra1...a5,Mα, Pb] = −2gCαα˙ΘNα˙δ[a1b Ra2...a5],MN −
g
2
(CΓNP )
α˙αΘMα˙ δ
[a1
b R
a2...a5],NP
All the quadratic constraints on the embedding tensor result from the Jacobi identities
involving a positive level E11 generator and two momentum operators, as well as the Jacobi
identities involving a positive level E11 generator, the momentum operator and the scalar
operator RMNΘ
M
α˙ .
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It is straightforward to compute the field strengths from the algebra above, using the
general results of section 2 and appendix B. The field strength of the vectors is
Fa1a2,α˙ = 2[∂[a1Aa2],α˙ − gΘMα˙ Aa1a2,M +
g
4
ΘMγ˙ (CΓ
N)β˙γ˙ΓMN,α˙
δ˙A[a1,β˙Aa2],δ˙] , (6.23)
the field strength of the 2-form is
Fa1a2a3,M = 3[∂[a1Aa2a3,M +
1
2
(CΓM)
α˙β˙∂[a1Aa2,α˙Aa3],β˙ − gCαα˙ΘMα˙Aa1a2a3,α
−g(CΓM)α˙β˙ΘNβ˙ A[a1a2,NAa3],α˙
+
g
12
(CΓMNP )
β˙γ˙(CΓN)α˙δ˙ΘP
δ˙
A[a1,α˙Aa2,β˙Aa3],γ˙] , (6.24)
the field strength of the 3-form is
Fa1...a4,α = 4[∂[a1Aa2...a4],α − ΓMα α˙∂[a1Aa2a3,MAa4],α˙
−1
6
(CΓM)
α˙β˙ΓMα
γ˙∂[a1Aa2,α˙Aa3,β˙Aa4],γ˙ + 2gΓ
M
α
α˙ΘNα˙Aa1...a4,MN
+gCββ˙ΘM
β˙
ΓM,α
α˙A[a1a2a3,βAa4],α˙ −
g
2
ΘMα˙ Γ
N
α
α˙A[a1a2,MAa3a4],N
+
g
2
ΘMγ˙ (CΓN)
α˙γ˙ΓNα
β˙A[a1a2,MAa3,α˙Aa4],β˙
− g
48
(CΓM)α˙ǫ˙ΘNǫ˙ (CΓMNP )
β˙γ˙ΓPα
δ˙A[a1,α˙Aa2,β˙Aa3,γ˙Aa4],δ˙] (6.25)
and the field strength of the 4-form is
Fa1...a5,MN = 5[∂[a1Aa2...a5],MN +
1
4
(CΓMN)
α˙αA[a1,α˙∂a2Aa3a4a5],α −
1
2
A[a1a2,[M∂a3Aa4a5],N ]
+
1
8
(CΓMNP )
α˙β˙A[a1,α˙Aa2,β˙∂a3A
P
a4a5]
+
1
4 · 4!(CΓMNP )
α˙β˙(CΓP )γ˙δ˙A[a1,α˙Aa2β˙Aa3,γ˙∂a4Aa5],δ˙
+2gAa1...a5,[MαC
αα˙ΘN ]α˙ +
g
2
Aa1...a5,Pα(CΓMN)
α˙αΘPα˙
+
g
2
(CΓMN)
α˙αΓPα
β˙ΘQ
β˙
A[a1,α˙Aa2...a5],PQ − gCαα˙Θ[Mα˙A[a1a2,N ]Aa3a4a5],α
−g
8
(CΓMNP )
α˙β˙Cαγ˙ΘPγ˙A[a1,α˙Aa2,β˙Aa3a4a5],α
−g
8
(CΓMN)
α˙αΓPα
β˙ΘQ
β˙
A[a1,α˙Aa2a3,PAa4a5],Q
− g
4 · 3!(CΓMNQ)
α˙β˙(CΓQ)γ˙δ˙ΘP
δ˙
A[a1,α˙Aa2,β˙Aa3,γ˙Aa4a5],P
+
g
8 · 5!(CΓMNR)
α˙β˙(CΓRPQ)
γ˙δ˙(CΓP )ǫ˙ρ˙ΘQρ˙ A[a1,α˙Aa2,β˙Aa3,γ˙Aa4,δ˙Aa5],ǫ˙] . (6.26)
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Using the general results of section 2 that are summarised in appendix B we also determine
the gauge transformations of the fields under which the field strengths above transform
covariantly. The gauge transformation of the 1-form is
δAa,α˙ = aa,α˙ − 1
2
aMNΓMN,α˙
β˙Aa,β˙ , (6.27)
the gauge transformation of the 2-form is
δAa1a2,M = aa1a2,M −
1
2
(CΓM)
α˙β˙A[a1,α˙aa2],β˙ + 2aM
NAa1a2,N , (6.28)
the gauge transformation of the 3-form is
δAa1a2a3,α = aa1a2a3,α + Γ
M
α
α˙A[a1a2,Maa3],α˙ −
1
3!
(CΓM)
β˙γ˙ΓMα
α˙A[a1,α˙Aa2,β˙aa3],γ˙
−1
2
aMNΓMN,α
βAa1a2a3,β , (6.29)
the gauge transformation of the 4-form is
δAa1...a4,MN = aa1...a4,MN −
1
2
A[a1a2,[Maa3a4],N ] −
1
4
(CΓMN)
α˙αA[a1a2a3,αaa4],α˙
− 1
4 · 4!(CΓMNP )
α˙β˙(CΓP )γ˙δ˙A[a1,α˙Aa2,β˙Aa3,γ˙aa4],δ˙
+
1
4
(CΓ[M)
α˙β˙A[a1a2,N ]Aa3,α˙aa4],β˙ + 4a[M
PAa1...a4,|P |N ] (6.30)
and the gauge transformation of the 5-form is
δAa1...a5,Mα = ∂[a1Λa2...a5],Mα −
1
2
A[a1a2a3,αaa4a5],M − ΓNα α˙A[a1...a4,MNaa5],α˙
−1
4
ΓNα
α˙A[a1a2,MAa3a4,Naa5],α˙ +
1
2 · 3!(CΓN)
β˙γ˙ΓNα
α˙A[a1a2,MAa3,α˙Aa4,β˙aa5],γ˙
+
1
4 · 5!(CΓMNP )
β˙α˙ΓNα
α˙(CΓP )δ˙ǫ˙A[a1,α˙Aa2,β˙Aa3,γ˙Aa4,δ˙aa5],ǫ˙
−1
2
aNPΓNP,α
βAa1...a5,Mβ + 2aM
NAa1...a5,Nα , (6.31)
where the parameters a are given in terms of the gauge parameters Λ according to eqs.
(2.52) and (2.55), which in the six-dimensional case are
aMN = −gΛα˙(CΓ[M)α˙β˙ΘN ]β˙
aa,α˙ = ∂aΛα˙ + gΘ
M
α˙ Λa,M
aa1a2,M = ∂[a1Λa2],M + gC
αα˙ΘMα˙Λa1a2,α
aa1a2a3,α = ∂[a1Λa2a3],α − 2gΓMα α˙ΘNα˙ Λa1a2a3,MN
aa1...a4,MN = ∂[a1Λa2a3a4],MN − (2gCαα˙δP[MΘN ]α˙ +
g
2
(CΓMN)
α˙αΘPα˙ )Λa1...a4,Pα .(6.32)
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One can easily determine also the field strength of the 5-form (up to the term containing
the 6-form potential) using the formulae in appendix B.
7 D=7
The multiplet describing massless maximal supergravity theory in 7 dimensions [26] has a
bosonic sector containing 14 scalars parametrising SL(5,R)/SO(5), the metric, a 1-form
in the 10 and a 2-form in the 5 of SL(5,R). This theory results from E11 after deletion of
node 7, as shown in the Dynkin diagram of fig. 5. One can see from the diagram that the
1-forms carry two antisymmetric indices of SL(5,R).
✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐
✐
1 2 3 4 5 6 7 8 9 10
11
 ❅
Figure 5: The E11 Dynkin diagram corresponding to 7-dimensional supergravity. The
internal symmetry group is SL(5,R).
The positive-level E11 generators with completely antisymmetric spacetime indices and
up to the 6-form included are
RMN (24) R
a,MN (10) Ra1a2M (5) R
a1a2a3,M (5) Ra1a2a3a4MN (10)
Ra1...a5,MN (24) R
a1...a6
MN,P (40) R
a1...a6,MN (15) , (7.1)
where M = 1, ..., 5. The scalar generators and the 5-forms are in the adjoint of SL(5,R)
and thus satisfy RMM = R
a1...a5,M
M = 0. The 1-form and the 4-form are antisymmetric
in MN . The 6-form Ra1...a6MN,P is antisymmetric in MN and satisfies R
a1...a6
[MN,P ] = 0,
which corresponds to the 40 of SL(5,R). Finally, the 6-form Ra1...a6,MN is symmetric in
MN , corresponding to the 15 of SL(5,R).
The scalars generate SL(5,R),
[RMN , R
P
Q] = δ
P
NR
M
Q − δMQ RPN , (7.2)
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while the commutators of the other generators with the scalars are
[RMN , R
a,PQ] = δPNR
a,MQ + δQNR
a,PM − 2
5
δMN R
a,PQ
[RMN , R
ab
P ] = −δMP RabN +
1
5
δMN R
ab
P (7.3)
and similarly for the higher level generators.
The commutators of the positive level generators in eq. (7.1) are
[Ra1,MN , Ra2,PQ] = ǫMNPQRRa1a2R
[Ra1,MN , Ra2a3P ] = δ
[M
P R
a1a2a3,N ]
[Ra1a3M , R
a3a4
N ] = R
a1...a4
MN
[Ra1,MN , Ra2a3a4,P ] = ǫMNPQRRa1...a4QR
[Ra1a2M , R
a3a4a5,N ] = Ra1...a5,NM
[Ra1,MN , Ra2...a5PQ] = −2δ[M[P Ra1...a5,N ]Q]
[Ra1a2a3,M , Ra4a5a6,N ] = Ra1...a6,MN
[Ra1a2M , R
a3...a6
NP ] = R
a1...a6
NP,M
[Ra1,MN , Ra2...a6,QP ] = ǫ
MNQRSRa1...a6RS,P + δ
[M
P R
a1...a6,N ]Q . (7.4)
To prove that all the Jacobi identities close one makes use of the identity
ǫM1..M5ǫN1...N5 = 5!δ
[M1...M5]
[N1...N5]
. (7.5)
If one considers the group element
g = ex·P eAa1...a6,MNR
a1...a6,MN
eA
MN,P
a1...a6
Ra1...a6MN,P eAa1...a5,M
NRa1...a5,MNeA
MN
a1...a4
Ra1...a4MN
eAa1a2a3,MR
a1a2a3,MeA
M
a1a2
R
a1a2
M eAa,MNR
a,MN
eφMNR
M
N (7.6)
and compute the Maurer-Cartan form using the fact that the positive level generators
commute with momentum, the field strengths of the massless theory are obtained an-
tisymmetrising the spacetime indices of the various terms in the Maurer-Cartan form.
Requiring that the field strengths satisfy duality relations, that is the field-strength of the
vector is dual to the field-strength of the 4-form, the field strength of the 2-form is dual to
the field strength of the 3-form and the field strength of the 6-form is dual to the derivative
of the scalars, one recovers the field equations of the massless supergravity theory. We now
consider the deformations of the E11 algebra resulting from modifying the commutation
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relations of the E11 generators with momentum compatibly with the Jacobi identities. In
this way we will derive all the gauged supergravities in seven dimensions.
Following the results of section 2, the most general deformation that we can write down
is
[Ra,MN , Pb] = −gΘMN,PQRQP
[Ra1a2M , Pb] = −gW (2)M,NP δ[a1b Ra2],NP
[Ra1a2a3,M , Pb] = −gWM,N(3) δ[a1b Ra2a3]N , (7.7)
where ΘMN,PQ is antisymmetric in MN and Θ
MN,P
P = 0, and W
(2)
M,NP is antisymmetric
in NP . For simplicity we have only considered the E11 generators up to level 4. Indeed it
turns out that the constraints that the Jacobi identities impose on Θ, W(2) and W(3) are
enough to restrict the representations of Θ uniquely.
The Jacobi identity involving two 1-forms and the momentum operator gives
ΘPQ,[M [Sδ
N ]
T ] +Θ
MN,[P
[Sδ
Q]
T ] =
1
2
ǫMNPQRW
(2)
R,ST , (7.8)
which can be solved for W (2) in terms of Θ giving
W
(2)
R,ST = ǫMTPQRΘ
PQ,M
S − ǫMSPQRΘPQ,MT . (7.9)
The Jacobi identity involving the 1-form, the 2-form and the momentum operator gives
W
(2)
P,RSǫ
MNQRS +ΘMN,QP = −1
2
WN,Q(3) δ
M
P +
1
2
WM,Q(3) δ
N
P . (7.10)
We can analyse the solutions of eqs. (7.9) and (7.10) for different representations of Θ.
If we take ΘMN,PQ such that Θ
[MN,P ]
Q = 0, then eq. (7.9) implies
W
(2)
M,NP = 0 . (7.11)
Substituting this in eq. (7.10) and using Θ[MN,P ]Q = 0 and Θ
MN,P
P = 0 one obtains that
WM,N(3) is symmetric in MN . One thus obtains the embedding tensor Θ
MN =WMN(3) in the
15 of SL(5,R) and we will then show that the inclusion of the forms of rank higher that
3 is also compatible with this deformation. If we instead take ΘMN,PQ to be completely
antisymmetric in MNP , then we can write
ΘMN,PQ = ǫ
MNPRSΘRS,Q , (7.12)
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and the condition ΘMN,P P = 0 implies Θ[MN,Q] = 0. Therefore the embedding tensor
ΘMN,P belongs to the 40 of SL(5,R). Eq. (7.9) then gives
W
(2)
M,NP = −ΘNP,M , (7.13)
and eq. (7.10) gives
WM,N(3) = 0 . (7.14)
Also in this case we will show that one can consistently include in the algebra the higher
rank form generators. We now proceed with the analysis of the algebra and the derivation
of the field strengths and gauge transformations for the two different cases corresponding
to an embedding tensor in the 15 and in the 40. One can show that a linear combination
of these two deformations is not allowed because of the quadratic constraints.
7.1 Embedding tensor in the 15 of SL(5,R)
We now determine the commutation relations or all the generators in eq. (7.1) with the
momentum operator requiring the closure of the Jacobi identities. In the case of the
embedding tensor ΘMN in the 15 we get
[Ra,MN , Pb] = −gΘ[M |P |δabRN ]P
[Ra1a2M , Pb] = 0
[Ra1a2a3,M , Pb] = −gΘMNδ[a1b Ra2a3]N
[Ra1a2a3a4MN , Pb] = 0
[Ra1...a5,MN , Pb] = gΘ
MPδ
[a1
b R
a2...a5]
PN
[Ra1...a6MN,P , Pb] = 0
[Ra1...a6,MN , Pb] = −2gΘP (Mδ[a1b Ra2...a6,N)P . (7.15)
From the algebra above one computes the field strengths using the general results of
section 2 and appendix B. The field strength of the vectors is
Fa1a2,MN = 2[∂[a1Aa2],MN + gΘ
PQA[a1,PMAa2],QN ] , (7.16)
the field strength of the 2-form is
FMa1a2a3 = 3[∂[a1A
M
a2a3]
+
1
2
ǫMNPQR∂[a1Aa2,NPAa3],QR + gΘ
MNAa1a2a3,N
+
g
6
ΘNQǫMPRSTA[a1,NPAa2,QRAa3],ST ] , (7.17)
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the field strength of the 3-form is
Fa1...a4,M = 4[∂[a1Aa2...a4],M − ∂[a1ANa2a3Aa4],NM −
1
6
∂[a1Aa2,NPAa3,QRAa4],SMǫ
SNPQR
−gΘNPA[a1a2a3,NAa4],PM −
g
12
ΘNQǫPRSTUA[a1,NPAa2,QRAa3,STAa4],UM ] (7.18)
and the field strength of the 4-form is
FMNa1...a5 = 5[∂[a1A
MN
a2...a5]
+ ǫPQRMNA[a1,PQ∂a2Aa3...a5],R −
1
2
A
[M
[a1a2
∂a3A
N ]
a4a5]
+
1
2
ǫPQSMNA[a1,PQAa2,RS∂a3A
R
a4a5]
+
1
4!
ǫTUVWRǫPQSMNA[a1,PQAa2,RSAa3,TU∂a4Aa5],V W
−gΘP [MAN ]a1...a5 − gΘP [MAN ][a1a2Aa3a4a5],P +
g
2
ǫPQSMNΘRTA[a1,PQAa2,RSAa3a4a5],T
− g
2 · 5!ǫ
PQSMNǫTUYWRΘV XA[a1,PQAa2,RSAa3,TUAa4,V WAa5],XY ] . (7.19)
These field strengths transform covariantly under the gauge transformations
δAa,MN = aa,MN + 2a[M
PAa,|P |N ]
δAMa1a2 = a
M
a1a2
− 1
2
ǫMNPQRA[a1,NPaa2],QR − aNMANa1a2
δAa1a2a3,M = aa1a2a3,M + A
N
[a1a2
aa3],NM +
1
3!
ǫNQRSTA[a1,MNAa2,QRaa3],ST
+aM
NAa1a2a3,N
δAMNa1...a4 = a
MN
a1...a4
− 1
2
A
[M
[a1a2
a
N ]
a3a4]
− ǫMNPQRA[a1a2a3,Paa4],QR
− 1
4!
ǫTUVWRǫPQSMNA[a1,PQAa2,RSAa3,TUaa4],V W
+
1
4
ǫQRST [MA
N ]
[a1a2
Aa3,QRaa4],ST
δAa1...a5,M
N = ∂[a1Λa2...a5],M
N − A[a1a2a3,MaNa4a5] − 2APN[a1...a4aa5],PM
+
1
2
AN[a1a2A
Q
a3a4
aa5],QM +
2
5!
ǫVWXY T ǫRSUPNA[a1,PMAa2,RSAa3,TUAa4,V Waa5],XY
− 1
3!
ǫSTUV QAN[a1a2Aa3,QMAa4,STaa5],UV − 2aP [MA|P |N ]a1...a5 , (7.20)
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where the parameters a are given in terms of the gauge parameters as
aM
N = gΛMPΘ
PN
aa,MN = ∂aΛMN
aMa1a2 = ∂[a1Λ
M
a2] − gΘMNΛa1a2,N
aa1a2a3,M = ∂[a1Λa2a3],M
aMNa1...a4 = ∂[a1Λ
MN
a2..a4] + gΘ
P [MΛa1...a4.P
N ] . (7.21)
One can easily determine the field strengths and the gauge transformations of the fields of
higher rank using the general results on section 2 which are explicitly expanded in appendix
B.
7.2 Embedding tensor in the 40 of SL(5,R)
In the case of the embedding tensor ΘMN,P , which belongs to the 40, one gets
[Ra,MN , Pb] = −gǫMNPQRΘPQ,SδabRSR
[Ra1a2M , Pb] = gΘNP,Mδ
[a1
b R
a2],NP
[Ra1a2a3,M , Pb] = 0
[Ra1a2a3a4MN , Pb] = −gΘMN,P δ[a1b Ra2a3a4],P
[Ra1...a5,MN , Pb] = gǫ
MPQRSΘPQ,Nδ
[a1
b R
a2...a5]
RS
[Ra1...a6MN,P , Pb] = −gΘNP,Qδ[a1b Ra2...a6],QM − gΘNQ,Mδ[a1b Ra2...a6],QP
+gΘPQ,Mδ
[a1
b R
a2...a6],Q
N
[Ra1...a6,MN , Pb] = 0 . (7.22)
For this deformation the field strength of the vector is
Fa1a2,MN = 2[∂[a1Aa2],MN − gΘMN,PAPa1a2 + gǫPQRTUΘTU,[MA[a1,|PQAa2],R|N ]] , (7.23)
the field strength of the 2-form is
FMa1a2a3 = 3[∂[a1A
M
a2a3] +
1
2
ǫMNPQR∂[a1Aa2,NPAa3],QR − gΘST,P ǫMSTQRAP[a1a2Aa3],QR
+
g
3
ǫPQVWRΘVW,Nǫ
MNSTUA[a1,PQAa2,RSAa3],TU ] , (7.24)
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the field strength of the 3-form is
Fa1...a4,M = 4[∂[a1Aa2...a4],M − ∂[a1ANa2a3Aa4],NM −
1
6
∂[a1Aa2,NPAa3,QRAa4],SMǫ
SNPQR
+gΘNP,MA
NP
a1...a4
− g
2
ΘPM,NA
N
[a1a2A
P
a3a4] +
g
2
ΘTU,Nǫ
TUPQRAN[a1a2Aa3,PQAa4],RM
− g
12
ǫNPWXQΘWX,Zǫ
UZRSTA[a1,NPAa2,QRAa3,STAa4],UM ] (7.25)
and the field strength of the 4-form is
FMNa1...a5 = 5[∂[a1A
MN
a2...a5] + ǫ
PQRMNA[a1,PQ∂a2Aa3...a5],R −
1
2
A
[M
[a1a2
∂a3A
N ]
a4a5]
+
1
2
ǫPQSMNA[a1,PQAa2,RS∂a3A
R
a4a5]
+
1
4!
ǫTUVWRǫPQSMNA[a1,PQAa2,RSAa3,TU∂a4Aa5],V W
−gǫMNPQSΘPQ,TAa1...a5,ST + gǫMNPQTΘRS,TA[a1,PQARSa2...a5]
−g
2
ǫMNPQTΘRT,SA[a1,PQA
R
a2a3
ASa4a5]
− g
3!
ǫMNPQSǫTUWXRΘWX,VA[a1,PQAa2,RSAa3,TUA
V
a4a5]
−2g
5!
ǫMNPQSǫTUDWRǫXY ABVΘAB,DA[a1,PQAa2,RSAa3,TUAa4,V WAa5],XY ] .(7.26)
The field strengths transform covariantly under the gauge transformations of eq. (7.20)
where the parameters a are given as
aM
N = −gΛPQǫPQRSNΘRS,M
aa,MN = ∂aΛMN + gΘMN,PΛ
P
a
aMa1a2 = ∂[a1Λ
M
a2]
aa1a2a3,M = ∂[a1Λa2a3],M − gΘNP,MΛNPa1a2a3
aMNa1...a4 = ∂[a1Λ
MN
a2a3a4]
+ gǫPQRMNΘQR,SΛa1...a4,P
S . (7.27)
The field strengths and the gauge transformations of the higher rank fields can also
easily been determined from the above algebra.
8 D=8
The bosonic sector of maximal massless eight-dimensional supergravity [27] contains seven
scalars parametrising the manifold SL(3,R)/SO(3)×SL(2,R)/SO(2), the metric, a vector
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in the (3, 2) of the internal symmetry group SL(3,R)×SL(2,R), a 2-form in (3, 1) and an
SL(2,R) doublet of 3-forms which satisfy self-duality conditions. The E11 Dynkin diagram
corresponding to this theory is shown in fig. 6.
✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐
✐
1 2 3 4 5 6 7 8 9 10
11
 ❅
Figure 6: The E11 Dynkin diagram corresponding to 8-dimensional supergravity. The
internal symmetry group is SL(3,R)× SL(2,R).
The positive-level E11 generators with completely antisymmetric spacetime indices and
up to the 6-form included, together with their SL(3,R)× SL(2,R) representations, are
Ri (1, 3) RMN (8, 1) R
a,Mα (3, 2) Ra1a2M (3, 1) R
a1a2a3,α (1, 2)
Ra1a2a3a4,M (3, 1) Ra1...a5,αM (3, 2) R
a1...a6,i (1, 3) Ra1...a6,MN (8, 1)
Ra1...a7,αMN (6, 2) R
a1...a7,Mα (3, 2) . (8.1)
Here the index i = 1, 2, 3 and α = 1, 2 denote the adjoint and the fundamental of SL(2,R)
respectively, while the upstairs index M = 1, 2, 3 denotes the fundamental of SL(3,R).
The scalars Ri, i = 1, 2, 3, are the SL(2,R) generators, while the scalars RMN are the
SL(3,R) generators and thus satisfy the constraint RMM = 0. The 6-form R
a1...a6,M
N also
satisfies the constraint Ra1...a6,MM = 0, while the 7-form R
a1...a7,α
MN is symmetric in MN .
The algebra of the scalars is
[Ri, Rj] = f ijkR
k
[RMN , R
P
Q] = δ
P
NR
M
Q − δMQ RPN , (8.2)
while the other commutation relations with the scalar generators are
[Ri, Ra,Mα] = Diβ
αRa,Mβ
[RMN , R
a,Pα] = δPNR
a,Mα − 1
3
δMN R
a,Pα (8.3)
and similarly for the higher rank forms. Here Diβ
α are the generators of SL(2,R) satisfying
[Di, Dj]β
α = f ijkD
k
β
α (8.4)
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and f ijk are the structure constants of SL(2,R). In terms of Pauli matrices, a choice of
Diβ
α is
D1 =
σ1
2
D2 =
iσ2
2
D3 =
σ3
2
. (8.5)
We raise and lower SL(2,R) indices using the antisymmetric metric ǫαβ , that is, for a
generic doublet V α,
V α = ǫαβVβ Vα = V
βǫβα , (8.6)
which implies
ǫαβǫβγ = −δαγ . (8.7)
The generators
Di,αβ = ǫαγDiγ
β (8.8)
are symmetric in αβ. Useful identities relating the SL(2,R) generators are
Dαβi D
i,γδ = −1
4
[ǫαγǫβδ + ǫαδǫβγ ] (8.9)
and
Diβ
γDjγ
α +Djβ
γDiγ
α =
1
2
gijδαβ , (8.10)
where gij is the SL(2,R) Killing metric.
The non-vanishing commutation relations involving all the non-scalar generators of eq.
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(8.1) are
[Ra1,Mα, Ra2,Nβ] = ǫαβǫMNPRa1a2P
[Ra1,Mα, Ra2a3N ] = δ
M
N R
a1a2a3,α
[Ra1a2M , R
a3a4
N ] = ǫMNPR
a1a2a3a4,P
[Ra1,Mα, Ra2a3a4,β] = −ǫαβRa1a2a3a4,M
[Ra1,Mα, Ra2...a5,N ] = ǫMNPRa1...a5,αP
[Ra1a2M , R
a3a4a5,α] = Ra1...a5,αM
[Ra1,Mα, Ra2...a6,βN ] = ǫ
αβRa1...a6,MN +D
αβ
i δ
M
N R
a1...a6,i
[Ra1a2M , R
a3...a6,N ] = −Ra1...a6,NM
[Ra1a2a3,α, Ra4a5a6,β] = Dαβi R
a1...a6,i
[Ra1,Mα, Ra2...a7,i] = Diβ
αRa1...a7,Mβ
[Ra1,Mα, Ra2...a7,NP ] =
3
8
δMP R
a1...a7,Nα − 1
8
δNP R
a1...a7,Mα + ǫMNQRa1...a7,αPQ
[Ra1a2M , R
a3...a7,α
N ] =
1
8
ǫMNPR
a1...a7,Pα − Ra1...a7,αMN
[Ra1a2a3,α, Ra4a5a6a7,M ] = −1
4
Ra1...a7,Mα . (8.11)
One can show that all Jacobi identities are satisfied. This requires the use of the identities
of eqs. (8.6)-(8.10), as well as the identities
ǫM1M2M3ǫN1N2N3 = 6δ
[M1M2M3]
[N1N2N3]
(8.12)
and
ǫαβǫγδV
γW δ = V αW β − V βW α , (8.13)
where in the last equation V and W are two generic SL(2,R) doublets.
The derivation of the field strengths of all the fields and dual fields of massless maximal
supergravity follows exactly the same steps as in the other cases. One considers the group
element
g = ex·PeAa1...a7,MαR
a1...a7,Mα ...eA
M
a1a2
R
a1a2
M eAa,MαR
a,Mα
eφMNR
M
N eφiR
i
, (8.14)
and computes the Maurer-Cartan form using the fact that in the massless case the positive
level generators commute with momentum. In this way one derives the field strengths of
the massless theory antisymmetrising the spacetime indices of the various terms in the
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Maurer-Cartan form. The field equations are then obtained imposing duality conditions
for the various field strengths. We now consider all the consistent deformations of the
E11 algebra resulting from modifying the commutation relations of the E11 generators with
momentum compatibly with the Jacobi identities. In this way we will derive all the gauged
supergravities in eight dimensions.
The representation of the embedding tensor is contained in the tensor product of the
representation of the 1-form generator and of the scalar generators. In eight dimensions
this leads to
(3, 2)⊗ [(1, 3)⊕ (8, 1)] = (3, 2)⊕ (3, 2)⊕ (3, 4)⊕ (6, 2)⊕ (15, 2) . (8.15)
We now show that only including an embedding tensor in the (6, 2) or in one of the two
(3, 2) representations leads to a consistent deformation of the algebra.
We first show that the deformations in the (15, 2) and in the (3, 4) are ruled out. The
first case corresponds to the embedding tensor ΘMN,αP , symmetric in MN and satisfying
the traceless condition ΘMN,αN = 0. We want to write down the commutator
[Ra,Mα, Pb] = −gΘMN,αP δabRPN , (8.16)
but the Jacobi identity between Ra,Mα, Rb,Nβ and Pc shows that this is ruled out because
of symmetry arguments. Analogously, in the (3, 4) case we would write
[Ra,Mα, Pb] = −gΘM,αβγDi,βγδabRi , (8.17)
where ΘM,αβγ is completely symmetric in αβγ, but again the Jacobi identity between
Ra,Mα, Rb,Nβ and Pc rules this out.
We now consider the two (3, 2) deformations. These lead to
[Ra,Mα, Pb] = −gδab [aΘNαRMN + bΘMβDi,βαRi] (8.18)
where the parameters a and b are in principle arbitrary, and we now determine the con-
straints on these parameters that come from the Jacobi identities. The Jacobi identity
between Ra,Mα, Rb,Nβ and Pc gives
b = −8
3
a , (8.19)
and we can fix the parameter a to 1. Therefore, only one of the two (3, 2) deformations can
lead to a consistent algebra. In the remaining of this section we show that this deformation
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is indeed consistent, and we also show that the embedding tensor in the (6, 2) leads to
a consistent deformation. We do this determining the commutation relations of all the
generators in eq. (8.1) with momentum consistently with the Jacobi identities.
8.1 Embedding tensor in the (3, 2) of SL(3,R)× SL(2,R)
We first consider the deformation in the (3, 2), that is the embedding tensor ΘMα. The
result is
[Ra,Mα, Pb] = −gδab [ΘNαRMN −
8
3
ΘMβDi,β
αRi]
[Ra1a2M , Pb] = −1
3
gǫMNP ǫαβΘ
Nαδ
[a1
b R
a2],Pβ
[Ra1a2a3,α, Pb] =
2
3
gΘMαδ
[a1
b R
a2a3]
M
[Ra1...a4,M , Pb] =
2
3
gǫαβΘ
Mαδ
[a1
b R
a2a3a4],β
[Ra1...a5,αM , Pb] =
1
3
gǫMNPΘ
Nαδ
[a1
b R
a2...a5],P
[Ra1...a6,i, Pb] = −8
3
gDiαβΘ
Mαδ
[a1
b R
a2...a6],β
M
[Ra1...a6,NM , Pb] = −gǫαβ[ΘNαδPM −
1
3
ΘPαδNM ]δ
[a1
b R
a2...a6],β
P
[Ra1...a7,Mα, Pb] = −8
3
gΘMβDi,β
αδ
[a1
b R
a2...a7],i +
8
3
gΘNαδ
[a1
b R
a2...a7],M
N
[Ra1...a7,αMN , Pb] = 0 . (8.20)
From the algebra above as well as the algebra in eq. (8.11) and using the group element of
eq. (8.14) one can compute the field strengths and the gauge transformations of the fields
following the general analysis of section 2. The field strength of the 1-form is
Fa1a2,Mα = 2[∂[a1Aa2],Mα +
g
3
ǫMNP ǫαβΘ
NβAPa1a2 −
5g
6
ΘNβA[a1,NαAa2],Mβ
+
g
6
ΘNβA[a1,MαAa2],Nβ −
g
3
ΘNαA
β
[a1,M
Aa2],Nβ] , (8.21)
the field strength of the 2-form is
FMa1a2a3 = 3[∂[a1A
M
a2a3]
+
1
2
ǫαβǫMNPA[a1,Nα∂a2Aa3],Pβ −
2g
3
ΘMαAa1a2a3,α
+
g
3
ΘNαA[a1,NαA
M
a2a3]
− g
3
ΘMαA[a1,NαA
N
a2a3]
+
7g
3 · 3!Θ
PβǫMNQAα[a1,NAa2,PαAa3],Qβ] (8.22)
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and the field strength of the 3-form is
Fa1...a4,α = 4[∂[a1Aa2a3a4],α + A[a1,Mα∂a2A
M
a3a4]
+
1
3!
ǫβγǫMNPA[a1,MαAa2,Nβ∂a3Aa4],P γ
+
2g
3
ǫαβΘ
MβAa1...a4,M −
2g
3
ΘMβA[a1,MαAa2a3a4],β +
g
6
ΘNβA[a1,MαAa2,NβA
M
a3a4]
−g
6
ΘMβA[a1,MαAa2,NβA
N
a3a4]
− 7g
3 · 4!Θ
PδǫβγǫMNQA[a1,MαAa2,NβAa3,P γAa4],Qδ] . (8.23)
These field strengths transform covariantly under the gauge transformations
δAa,Mα = aa,Mα + aM
NAa,Nα − 1
3
aN
NAa,Mα + aiD
i
α
βAa,Mβ
δAMa1a2 = a
M
a1a2
− 1
2
ǫαβǫMNPA[a1,Nαaa2],Pβ − aNMANa1a2 +
1
3
aN
NAMa1a2
δAa1a2a3,α = aa1a2a3,α + A
M
[a1a2aa3],Mα −
1
3!
ǫMNP ǫβγA[a1,MαAa2Nβaa3],P γ + aiD
i
α
βAa1a2a3,β
δAa1...a4,M = ∂[a1Λa2a3a4],M −
1
2
ǫMNPA
N
[a1a2a
P
a3a4] − ǫαβA[a1a2a3,αaa4],β
+
1
4!
ǫαβǫγδǫNPQA[a1,MαAa2,NβAa3,P γAa4],Qδ −
1
4
ǫαβAN[a1a2Aa3,Mαaa4],Nβ
+
1
4
ǫαβAN[a1a2Aa3,Nαaa4],Mβ + aM
NAa1...a4,N −
1
3
aN
NAa1...a4,M , (8.24)
where the parameters a are given in terms of the gauge parameters Λ as
aM
N = −gΛMαΘNα
ai =
8
3
gΘMβDiα
βΛMα
aa,Mα = ∂aΛMα +
g
3
ǫMNP ǫαβΛ
N
a Θ
Pβ
aMa1a2 = ∂[a1Λ
M
a2] +
2
3
gΘMαΛa1a2,α
aa1a2a3,α = ∂[a1Λa2a3],α −
2
3
gǫαβΘ
MβΛa1a2a3,M . (8.25)
Using the formulae given in this paper, the reader can easily determine the field strengths
and gauge transformations for the remaining fields.
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8.2 Embedding tensor in the (6, 2) of SL(3,R)× SL(2,R)
The deformation (6, 2), corresponding to the embedding tensor ΘαMN symmetric in MN ,
leads to the commutation relations
[Ra,Mα, Pb] = −gǫMNPΘαNQδabRQP
[Ra1a2M , Pb] = gǫαβΘ
α
MNδ
[a1
b R
a2],Nβ
[Ra1a2a3,α, Pb] = 0
[Ra1...a4,M , Pb] = 0
[Ra1...a5,αM , Pb] = gΘ
α
MNδ
[a1
b R
a2...a5],N
[Ra1...a6,i, Pb] = 0
[Ra1...a6,NM , Pb] = gǫαβǫ
NPQΘαMP δ
[a1
b R
a2...a6],β
Q
[Ra1...a7,Mα, Pb] = 0
[Ra1...a7,αMN , Pb] = 2gΘ
α
P (Mδ
[a1
b R
a2...a7],P
N) + gΘ
β
MNDi,β
αδ
[a1
b R
a2...a7],i . (8.26)
From the algebra above as well as the algebra in eq. (8.11) and using the group element of
eq. (8.14) one can compute the field strengths and the gauge transformations of the fields
corresponding to this deformation. We obtain
Fa1a2,Mα = 2[∂[a1Aa2],Mα + gǫαβΘ
β
MNA
N
a1a2
− g
2
ǫNPQΘβQMA[a1,NαAa2],Pβ] (8.27)
for the field strength of the 1-form,
FMa1a2a3 = 3[∂[a1A
M
a2a3]
+
1
2
ǫαβǫMNPA[a1,Nα∂a2Aa3],Pβ − gǫMNQΘαPQA[a1,NαAPa2a3]
− g
3!
ǫαβǫMNT ǫPQRΘγRTA[a1,NαAa2,PβAa3],Qγ] (8.28)
for the field strength of the 2-form,
Fa1...a4,α = 4[∂[a1Aa2a3a4],α + A[a1,Mα∂a2A
M
a3a4]
+
1
3!
ǫβγǫMNPA[a1,MαAa2,Nβ∂a3Aa4],P γ
+
g
2
ǫαβΘ
β
MNA
M
[a1a2
ANa3a4] −
g
2
ǫMNQΘβPQA[a1,MαAa2,NβA
P
a3a4]
− g
4!
ǫMNT ǫβγǫPQRΘδRTA[a1,MαAa2,NβAa3,P γAa4],Qδ] (8.29)
for the field strength of the 3-form. These field strengths transform covariantly under the
gauge transformations determined from eq. (8.24) once one expresses the parameters a in
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terms of the gauge parameters as
aM
N = gǫNPQΘαMPΛQα
ai = 0
aa,Mα = ∂aΛMα − gǫαβΘβMNΛNa
aMa1a2 = ∂[a1Λ
M
a2]
aa1a2a3,α = ∂[a1Λa2a3],α . (8.30)
Also for this deformation one can determine the field strengths and the gauge transfor-
mations of the higher rank fields using the formulae in section 2 and appendix B.
9 D=9
The three scalars of maximal massless nine-dimensional supergravity parametrise the man-
ifold R+ × SL(2,R)/SO(2). The theory also contains the metric, a doublet and a singlet
of vectors, a doublet of 2-forms and a 3-form. The decomposition of E11 appropriate to
the nine-dimensional theory is shown in fig. 7. The form generators of rank less that 8
that result are associated to the fields of the supergravity theory and their duals. The
✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐
✐
1 2 3 4 5 6 7 8 9 10
11
 ❅
 ❅
Figure 7: The E11 Dynkin diagram corresponding to 9-dimensional supergravity. The
non-abelian part of the internal symmetry group is SL(2,R).
E11 algebra also contains 8 and 9 forms, as well as generators with mixed symmetry. The
generators with completely antisymmetric indices, not including the 9-forms, are
R Ri Ra Ra,α Ra1a2,α Ra1a2a3 Ra1a2a3a4 Ra1...a5,α
Ra1...a6 Ra1...a6,α Ra1...a7 Ra1...a7,i Ra1...a8,α Ra1...a8,i , (9.1)
where the SL(2,R) conventions are as in the previous section.
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We now list all the non-vanishing commutators involving the operators in eq. (9.1).
The scalars satisfy
[Ri, Rj] = f ijkR
k , (9.2)
while all the commutators producing the 1-forms are
[R,Ra] = −Ra [R,Ra,α] = Ra,α
[Ri, Ra,α] = Diβ
αRa,β . (9.3)
The 2-form occurs in
[Ri, Ra1a2,α] = Diβ
αRa1a2,β [Ra1 , Ra2,α] = −Ra1a2,α , (9.4)
the 3-form in
[R,Ra1a2a3 ] = Ra1a2a3 [Ra1,α, Ra2a3,β] = ǫαβRa1a2a3 (9.5)
and the 4-form in
[Ra1a2,α, Ra3a4,β] = ǫαβRa1a2a3a4 [Ra1 , Ra2a3a4 ] = −Ra1a2a3a4 . (9.6)
The 5-form results from the commutators
[R,Ra1...a5,α] = Ra1...a5,α [Ri, Ra1...a5,α] = Diβ
αRa1...a5,β
[Ra1,α, Ra2...a5] = Ra1...a5,α [Ra1a2,α, Ra3a4a5 ] = Ra1...a5,α , (9.7)
the 6-forms from the commutators
[R,Ra1...a6] = 2Ra1...a6 [Ri, Ra1...a6,α] = Diβ
αRa1...a6,β
[Ra1,α, Ra2...a6,β] = ǫαβRa1...a6 [Ra1a2a3 , Ra4a5a6 ] = Ra1...a6
[Ra1 , Ra2...a6,α] = −Ra1...a6,α [Ra1a2,α, Ra3...a6] = Ra1...a6,α (9.8)
and the 7-forms from the commutators
[R,Ra1...a7] = Ra1...a7 [R,Ra1...a7,i] = Ra1...a7,i
[Ri, Ra1...a7,j] = f ijkR
a1...a7,k [Ra1 , Ra2...a7] = Ra1...a7
[Ra1,α, Ra2...a7,β] = Dαβi R
a1...a7,i +
3
4
ǫαβRa1...a7
[Ra1a2,α, Ra3...a7,β] = Dαβi R
a1...a7,i − 1
4
ǫαβRa1...a7
[Ra1a2a3 , Ra4a5a6a7 ] =
1
2
Ra1...a7 . (9.9)
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Finally, the commutators giving rise to the 8-forms are
[R,Ra1...a8,α] = 2Ra1...a8,α [Ri, Ra1...a8,α] = Diβ
αRa1...a8,β
[Ri, Ra1...a8,j] = f ijkR
a1...a8,k [Ra1 , Ra2...a8,i] = −Ra1...a8,i
[Ra1,α, Ra2...a8] = Ra1...a8,α [Ra1,α, Ra2...a8,i] = 3Diβ
αRa1...a8,β
[Ra1a2,α, Ra3...a8,β] = Dαβi R
a1...a8,i [Ra1a2,α, Ra3...a8] = −Ra1...a8,α
[Ra1a2a3 , Ra3...a8,α] = −1
2
Ra1...a8,α . (9.10)
One can check that all Jacobi identities are satisfied.
The algebra of eqs. (9.2)-(9.10) determines the fields strengths of all the forms of
massless maximal supergravity in nine-dimensions, with the exception of the 9-forms that
require the taking into account the 9-form generators. The Maurer-Cartan form that results
from the group element
g = ex·PeAa1...a8,αR
a1...a8,α
...eAa1a2,αR
a1a2,α
eAa,αR
a,α
eAaR
a
eφiR
i
eφR (9.11)
produces indeed these field-strengths once all the spacetime indices are antisymmetrised.
In this derivation of the massless theory, one imposes that all the generators in eq. (9.1)
commute with momentum. We now show that, exactly as in all the other cases discussed
in this paper, the field strengths of all the fields of the gauged maximal supergravities in
nine dimensions result from a deformed algebra, called E˜local11,9 , in which the generators in
eq. (9.1) have non-trivial commutation relations with the momentum operator compatibly
with the Jacobi identities.
As usual, from the E11 perspective the commutator of the 1-form generators with mo-
mentum give rise to the scalar generators contracted with the embedding tensor. Therefore,
in this nine-dimensional case the embedding tensor in contained in the SL(2,R) tensor
product
(1⊕ 2)⊗ (1⊕ 3) = 4⊕ 3⊕ 2⊕ 2⊕ 1 . (9.12)
The singlet Θ would correspond to the commutator
[Ra, Pb] = −gΘδabR , (9.13)
which is ruled out because of the Jacobi identity involving Ra, Rb and Pc. Similarly, the
quadruplet Θαβγ would lead to the commutator
[Ra,α, Pb] = −gΘαβγDi,βγδabRi , (9.14)
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which is ruled out because of the Jacobi identity involving Ra,α, Rb,β and Pc. The two
doublet deformations lead to the commutator
[Ra,α, Pb] = −gδab [aΘαR + bΘβDi,βαRi] , (9.15)
and the Jacobi identities impose the condition
b = −4a . (9.16)
This leads to one possible doublet deformation, and we fix the parameter a to 1. To
summarise, the only representations of the embedding tensor which are not ruled out are
the triplet and one of the two doublets. We now show that both these embedding tensors
lead to a consistent algebra. In [28] all the possible gauged maximal supergravities in nine
dimensions were constructed. They indeed correspond to an embedding tensor in either
the triplet or the doublet of SL(2,R).
9.1 Embedding tensor in the 3 of SL(2,R)
We first consider the deformation in the triplet, which corresponds to the embedding tensor
Θi. This case as been considered in [17] up to the 5-forms. In that paper the deformation
parameter was denoted with mi, and our conventions here are such that mi = −gΘi.
Deforming from the commutator of Ra with momentum, all the other commutators are
determined by requiring that the Jacobi identities close. The final result is
[Ra, Pb] = −gδabΘiRi
[Ra,α, Pb] = 0
[Ra1a2,α, Pb] = gΘiD
i
β
αδ
[a1
b R
a2],β
[Ra1a2a3 , Pb] = 0
[Ra1...a4, Pb] = 0
[Ra1...a5,α, Pb] = 0
[Ra1...a6, Pb] = 0
[Ra1...a6,α, Pb] = gΘiD
i
β
αδ
[a1
b R
a2...a6],β
[Ra1...a7, Pb] = 0
[Ra1...a7,i, Pb] = −gΘiδ[a1b Ra2...a7]
[Ra1...a8,α, Pb] = 0
[Ra1...a8,i, Pb] = −gΘiδ[a1b Ra2...a8] − gf ijkΘjδ[a1b Ra2...a8],k . (9.17)
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From these commutation relations and the massless algebra of eqs. (9.2)-(9.10), using the
group element in eq. (9.11), one determines the field strengths and the gauge transforma-
tions on the fields. The field strengths of the 1-forms are
Fa1a2 = 2∂[a1Aa2]
Fa1a2,α = 2[∂[a1Aa2],α − gΘiDiαβAa1a2,β] , (9.18)
the field-strength of the 2-form is
Fa1a2a3,α = 3[∂[a1Aa2a3],α −A[a1∂a2Aa3],α + gΘiDiαβA[a1Aa2a3],β] , (9.19)
the field strength of the 3-form is
Fa1...a4 = 4[∂[a1Aa2...a4] + ǫ
αβA[a1∂a2Aa3a4],β +
g
2
ΘiDαβi A[a1a2,αAa3a4],β] , (9.20)
the field strength of the 4-form is
Fa1...a5 = 5[∂[a1Aa2...a5] − A[a1∂a2Aa3a4a5] −
1
2
ǫαβA[a1a2,α∂a3Aa4a5],β
−ǫαβA[a1Aa2,α∂a3Aa4a5],β −
g
2
ΘiDαβi A[a1Aa2a3,αAa4a5],β] (9.21)
and the field strength of the 5-from is
Fa1...a6,α = 6[∂[a1Aa2...a6],α + A[a1,α∂a2Aa3...a6] −A[a1a2,α∂a3Aa4a5a6]
−1
2
ǫβγA[a1,αAa2a3,β∂a4Aa5a6],γ −
g
3!
ΘiDβγi A[a1a2,αAa3a4,βAa5a6],γ
−gΘiDiαβAa1...a6,β] . (9.22)
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These field strengths transform covariantly under the gauge transformations
δAa = aa − aAa
δAa,α = aa,α − aAa,α + aiDiαβAa,β
δAa1a2,α = aa1a2,α + A[a1,αaa2] + aiD
i
α
βAa1a2,β
δAa1a2a3 = aa1a2a3 − ǫαβA[a1a2,αaa3],β +
1
2
ǫαβA[a1,αAa2,βaa3] + aAa1a2a3
δAa1...a4 = aa1...a4 −
1
2
ǫαβA[a1a2,αaa3a4],β + A[a1a2a3aa4] +
1
2
ǫαβA[a1a2,αAa3,βaa4]
δAa1...a5,α = aa1...a5,α + A[a1a2a3aa4a5],α + A[a1...a4aa5],α −
1
2
ǫβγA[a1a2,αAa3a4,βaa5],γ
+
1
2
ǫβγA[a1a2,αAa3,βAa4,γaa5] + aAa1...a5,α + aiD
i
α
βAa1...a5,β
δAa1...a6 = ∂[a1Λa2...a6] −
1
2
A[a1a2a3aa4a5a6] + ǫ
αβA[a1...a5,αaa6],β −
1
2
ǫαβA[a1a2a3Aa4a5,αaa6],β
+
1
4
A[a1a2a3Aa4,αAa5,βaa6] + 2aAa1...a6
δAa1...a6,α = ∂[a1Λa2...a6],α + A[a1...a4aa5a6],α −
1
3!
ǫβγA[a1a3,αAa3a4,βaa5a6],γ + A[a1...a5,αaa6]
−1
2
ǫβγA[a1a2,αAa3a4,βAa5,γaa6] + aiD
i
α
βAa1..a6,β , (9.23)
where the parameters a are given in terms of the gauge parameters Λ as
a = 0
ai = −gΛΘi
aa = ∂aΛ
aa,α = ∂aΛα + gΘiD
i
α
βΛa,β
aa1a2,α = ∂[a1Λa2],α
aa1a2a3 = ∂[a1Λa2a3]
aa1...a4 = ∂[a1Λa2a3a4]
aa1...a5,α = ∂[a1Λa2...a5],α + gΘiD
i
α
βΛa1...a5,β . (9.24)
The reader can easily evaluate the remaining field strengths and gauge transformations.
9.2 Embedding tensor in the 2 of SL(2,R)
We now consider the doublet deformation, corresponding to the embedding tensor Θα. We
start from the commutator between the 1-form and momentum as in eq. (9.15) with the
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parameters as in eq. (9.16) with a = 1. Imposing the closure of the Jacobi identities gives
[Ra, Pb] = 0
[Ra,α, Pb] = −gδab [ΘαR − 4ΘβDi,βαRi]
[Ra1a2,α, Pb] = gΘ
αδ
[a1
b R
a2]
[Ra1a2a3 , Pb] = −gǫαβΘαδ[a1b Ra2a3],β
[Ra1...a4, Pb] = 0
[Ra1...a5,α, Pb] = 0
[Ra1...a6, Pb] = −2gǫαβΘαδ[a1b Ra2...a6],β
[Ra1...a6,α, Pb] = 0
[Ra1...a7, Pb] = −2gǫαβΘαδ[a1b Ra2...a7],β
[Ra1...a7,i, Pb] = −2gΘαDiαβδ[a1b Ra2...a7],β
[Ra1...a8,α, Pb] =
1
2
gΘαδ
[a1
b R
a2...a8] − 2gDi,βαΘβδ[a1b Ra2...a8],i
[Ra1...a8,i, Pb] = 0 . (9.25)
From these commutation relations and the massless algebra of eqs. (9.2)-(9.10), using the
group element in eq. (9.11), one determines the field strengths and the gauge transforma-
tions on the fields. The field strengths of the 1-forms are
Fa1a2 = 2[∂[a1Aa2] − gΘαAa1a2,α + gΘαA[a1Aa2],α]
Fa1a2,α = 2[∂[a1Aa2],α − gΘβA[a1,αAa2],β −
g
2
ΘαA
β
[a1
Aa2],β] , (9.26)
the field-strength of the 2-form is
Fa1a2a3,α = 3[∂[a1Aa2a3],α − A[a1∂a2Aa3],α − gǫαβΘβAa1a2a3 + gΘβA[a1,αAa2a3],β
+gΘβA[a1Aa2,αAa3],β +
g
2
ΘαA[a1A
β
a2
Aa3],β] , (9.27)
the field strength of the 3-form is
Fa1...a4 = 4[∂[a1Aa2...a4] + ǫ
αβA[a1∂a2Aa3a4],β + gΘ
αA[a1,αAa2a3a4]
−g
2
ΘαAβ[a1Aa2,βAa3a4],α] , (9.28)
the field strength of the 4-form is
Fa1...a5 = 5[∂[a1Aa2...a5] − A[a1∂a2Aa3a4a5] −
1
2
ǫαβA[a1a2,α∂a3Aa4a5],β
−ǫαβA[a1Aa2,α∂a3Aa4a5],β − gΘαA[a1a2,αAa3a4a5]
−gΘαA[a1Aa2,αAa3a4a5] −
g
2
ǫαβΘγA[a1Aa2,αAa3,βAa4a5],γ] (9.29)
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and the field strength of the 5-from is
Fa1...a6,α = 6[∂[a1Aa2...a6],α + A[a1,α∂a2Aa3...a6] − A[a1a2,α∂a3Aa4a5a6]
−1
2
ǫβγA[a1,αAa2a3,β∂a4Aa5a6],γ − 2gǫαβΘβAa1...a6
−gΘβA[a1,αAa2a3,βAa4a5a6]] . (9.30)
These field strengths transform covariantly under the gauge transformations in eq. (9.23),
with the parameters a given in terms of the gauge parameters Λ as
a = −gΘαΛα
ai = 4gΘβDiβ
αΛα
aa = ∂aΛ + gΘ
αΛa,α
aa,α = ∂aΛα
aa1a2,α = ∂[a1Λa2],α + gǫαβΘ
βΛa1a2
aa1a2a3 = ∂[a1Λa2a3]
aa1...a4 = ∂[a1Λa2a3a4]
aa1...a5,α = ∂[a1Λa2...a5],α + 2gǫαβΘ
βΛa1...a5 . (9.31)
The reader can easily evaluate the remaining field strengths and gauge transformations
corresponding to this deformation.
10 Form field equations and duality conditions
In this section we write down the equations of motion for the form fields taking into account
that we have fields and their duals. Such equations have been studied on an ad-hoc basis
previously beginning with [29]. However, our discussions will be in the context of E11 and
in particular the representations and hierarchy of form fields it predicts [13] and as is given
in the table of [13] that is table 1 of this paper.
If we assume that the form field equations are first order in space-time derivatives they
can only be duality relations between the field strengths obtained in this paper. Let us
first consider gauge fields whose field strengths have a rank that is not half that of the
dimensions of space-time, that is those that do not obey some kind of generalised self
duality condition. Examining the table 1 of the representations of G of the form fields we
find that for every gauge field of rank n for n < 1
2
D, with a field strength Fn+1 of rank
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D G 1-forms 2-forms 3-forms 4-forms 5-forms 6-forms 7-forms 8-forms 9-forms 10-forms
10A R+ 1 1 1 1 1 1 1 1
1
1
10B SL(2,R) 2 1 2 3
4
2
9 SL(2,R)× R+
2
2 1 1 2
2 3 3 4
2
1 1 1 2 2
8 SL(3,R)× SL(2, R) (3,2) (3,1) (1,2) (3,1) (3,2)
(15,1)
(8,1) (6,2) (3,3)
(1,3) (3, 2) (3,1)
(3,1)
7 SL(5,R) 10 5 5 10 24
40 70
45
15 5
6 SO(5,5) 16 10 16 45 144
320
126
10
5 E6(+6) 27 27 78 351
1728
27
4 E7(+7) 56 133 912
8645
133
3
E8(+8) 248
3875 147250
3875
1 248
Table 1: Table giving the representations of the symmetry group G of all the forms fields
of maximal supergravities in any dimension [13]. The 3-forms in three dimensions were
determined in [14]. It is important to observe that these are the representations of the
fields, which are the contragredient of the representations of the corresponding generators,
which have been considered in this paper.
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n + 1, that belongs to a representation Rn there is a dual gauge field of rank D − n − 2
with a field strength FD−n−1 of rank D − n − 1 which is in that representation RD−n−2
which turns out to be the conjugate representation, i.e. RD−n−2 = Rn. The field strengths
that occur in the Cartan forms transform under G with a non-linear action that is only a
transformation under the Cartan involution invariant subgroup I(G) rather than the above
mentioned linear representations of G. This is due to the scalar factors mentioned above
which convert the linear representation into the non-linear representation in the well know
manner. Thus demanding invariant field equations reduces to finding those invariant under
only I(G) transformations. Examining all such gauge fields for D ≤ 7, we find that under
the decomposition of their representations of G from G to I(G) we find one irreducible
real representation of I(G). Hence the gauge fields and their duals belong to the same
representation of I(G). For example in seven dimensions the two forms belong to the 5 of
SL(5,R) while their dual gauge fields, the three forms, belong to the 5 of SL(5,R). The
Cartan involution invariant subgroup is I(SL(5,R)) = SO(5) and these two gauge fields
both belong to the real 5 representation of this group.
The field equations for all such gauge fields can only be of the form
Fn+1 = ⋆FD−n−1 , (10.1)
where ⋆ is the space-time dual, since they each belong to the same irreducible representation
of I(G). For dimensions D ≥ 8 the gauge fields belong to representations of G that
decompose into at most two distinct irreducible real representations of I(G) and their
dual gauge fields belong to precisely the same representations of I(G). Then the duality
condition consists of as many equations as there are representations of I(G), which are of
the form of eq. (10.1) and they relate the gauge field and its dual in the same representation
of I(G).
The scalars are a non-linear realisation of G and obey duality relations with the rank
D − 2 forms which are in the adjoint representation. Under the decomposition from G to
I(G) the adjoint representation of the latter breaks into the adjoint of I(G) and the “coset”
part. Only the latter enters into the duality condition with the coset part of the Cartan
form formed from the scalars. The scalar equation results from the curl of these duality
relations. Such curl reproduces the field strengths of the D− 1 form fields, which are dual
to the embedding tensor, and this gives rise to the scalar potential. In general there is more
than one gauge covariant quantity that one can construct contracting the scalars with the
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embedding tensor, and the method we have presented in this paper of determining all the
gauge covariant quantities of the theory does not determine their relative coefficient, and
therefore does not determine the exact form of the scalar potential.
For odd dimensions space-times there are clearly no generalised self duality conditions.
However, the cases whenD = 4m andD = 4m+2, for integerm are different due to the fact
that ⋆⋆ = −1 and ⋆⋆ = +1 respectively when acting on a D
2
-form. Let us begin with the
latter case, that is dimensions ten and six. As is well known in ten dimensions we have a four
form gauge field that is a singlet of SL(2,R) and obeys a self duality condition of the form
F5 = ⋆F5. In six dimensions that two forms belong to the 10 of SO(5,5) which decomposes
into the reducible representation (5, 1)⊕ (1, 5) of SO(5) ⊗ SO(5) = I(SO(5, 5)). The
duality condition which is invariant under the SO(5)⊗ SO(5) transformations of the field
strength can only be of the form(
F3
F ′3
)
= ⋆
(
F3
−F ′3
)
, (10.2)
where F3 and F
′
3 belong to the (5, 1) and (1, 5) representations of SO(5)⊗ SO(5) respec-
tively. The minus sign is required as there must be the same number of self-dual and
anti-self-dual forms as the resulting theory describes 5 tensors that do not satisfy self-
duality conditions.
Let us now consider the case of D = 4m+ 2 that is dimensions eight and four. In this
case the forms belong to an irreducible representation of G that breaks into two irreducible
representations of I(G) which are related by complex conjugation. In eight dimensions the
three forms belong to the (1, 2) representation of SL(3,R) ⊗ SL(2,R) which breaks into
(1, 1+) and (1, 1−) representations of I(SL(3,R)⊗ SL(2,R)) = SO(3)⊗ SO(2). As such
the unique invariant field equation is of the form(
F4
F ∗4
)
= i ⋆
(
F4
−F ∗4
)
, (10.3)
where F4 and F
∗
4 belong to the (1, 1
+) and (1, 1−) representations of SO(3)⊗SO(2). The i
found in this equation is due to the fact that ⋆⋆ = −1 in this dimension and the minus sign
then results from the consistency with respect to complex conjugation. In four dimensions
the one forms belong to the 56 dimensional representation of E7 which decompose into the
28⊕ 28 of representations I(E7) = SU(8). The self duality condition can only be of the
form (
F2
F ∗2
)
= i ⋆
(
F2
−F ∗2
)
, (10.4)
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where F2 and F
∗
2 are the 28⊕ 28 representations of SU(8).
These equations of motion are the correct equations although we have not derived these
duality relations as following from E11 in this paper. This remains a future project. There
is a certain freedom to rescale the form fields by constants which is reflected that these
duality relations can have constants that are not explicitly shown above. These constants
are fixed once one also writes down the field equation for gravity as this involves the stress
tensor. It is impressive to see the way the representations of the form fields, dictated by
E11, cooperate with the demands that the form field equations be duality conditions.
The duality relations discussed in this section have a crucial role in determining the
closure of the supersymmetry algebra. Indeed, these relations are first order in derivatives,
and the closure of the supersymmetry algebra on fields and dual fields, as well as on D− 1
andD forms, only occurs provided that they are satisfied. In [30] and [31] it was shown that
the supersymmetry algebra of IIB and IIA respectively close on all the fields and dual fields
provided that the duality relations are satisfied. The supersymmetry algebra also fixes the
D − 1 and D forms that one can include, the result being exactly in agreement with the
predictions of E11 [12] (subsequently, it was shown in [32] that also the detailed coefficients
of the gauge algebra of the IIB theory are reproduced by E11). In particular the IIA algebra
describes both the massive and massless field equations, as the field strength of the 9-form
can be set equal to the Romans cosmological constant [33] or to zero respectively. More
recently, the closure of the supersymmetry algebra on higher rank forms was shown for the
case of gauged maximal supergravities in five dimensions [16] and in three dimensions [34].
11 Conclusions
It was previously found [13, 14] that the maximal gauged supergravity theories were clas-
sified by E11. In particular the forms of rank D − 1 in the D dimensional supergravity
theory, which lead to a cosmological constants, are in the contragredient representation
of the internal symmetry group of the tensor which was known to label all such theories.
Although this discovery was kinematical in nature it demonstrated that E11 provided, for
the first time, a unifying scheme within which to consider all such theories. In this paper
we show that E11, by the steps described in this paper, leads to all the field strengths of
the maximal gauged supergravity theories. The embedding tensor arises as the tensor that
uniquely determines the deformation of the E11 algebra from which the gauged supergrav-
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ities arise as non-linear realisations and we show that it is in the same representation as
the D−1 form generators. We have analysed each dimension from three to nine, and these
results, together with the ten-dimensional deformation corresponding to the Romans the-
ory analysed in [17], give the field strengths of all possible massive maximal supergravities
in any dimension.
If one assumes, as is the case, that the dynamics of the form fields are first order in
space-time derivatives then they must be given by duality relations on the field strengths
calculated in this paper. As a result, for all the fields apart from the scalars, the dynamics
of the bosonic sector is then determined up to a few constants that multiply the field
strengths. In the absence of the gravity equation that contains the stress tensor one can
fix these constants by field redefinitions, hence in this sense the dynamics is determined
in the absence of gravity (in the case of the scalar equation in general there is more
than one gauge covariant quantity that one can construct contracting the scalars with
the embedding tensor, and the procedure presented in this paper does not determine their
relative coefficient, and therefore does not determine the exact form of the scalar potential).
Thus most results on the maximal gauged supergravity theories, including those that have
been derived over many years, can be found in a very quick, efficient and unified manner
from E11.
In the E11 formulation of the maximal gauged supergravities theories the field content
in a given dimension is the same although the actual physical degree of freedom in any
given gauged supergravity theory may differ. In particular the number of D − 1 forms is
the same and so a given maximal gauged supergravity theory has a knowledge of all the
other possible gauged supergravity theories in the same dimension. This is analogous to
having various different theories and then discovering that there is a potential from which
they can all be derived as different minima.
In this paper we have used a deformation of an algebra E˜11 containing the E11 algebra,
the usual space-time translation and the Ogievetsky generators. However, in reference
[17] a detailed study of the nine dimensional gauged supergravities was carried out and
it was found that these theories arose from the full Elocal11,10B including the parts associated
with ten dimensions. However, these gauged supergravities could be constructed from
only a subalgebra of E˜local11,9 which appeared to be a deformed E
local
11,9 algebra as a result of
the complicated field redefinitions of the generators and the generators that were dropped
as they played no role in the dynamics. As such in these theories one is dealing with a
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subalgebra of E˜local11,9 which only appears as a deformation as a consequence of the way the
calculation is carried out. It would be of interest to see if this is a general phenomenon.
As discussed in the introduction, the original gauged supergravities were derived by
adding a deformations to the massless theory and using supersymmetry to find the com-
plete the theory. In such an approach one did not use fields that were in representations
of the internal symmetry group G. Later gauged maximal supergravities were constructed
using fields that were representations of G, but the theory also contained an embedding
tensor that labelled the theories and broke the internal symmetry group G. In this way of
proceeding the fields always occurred together with this tensor in just such a way that the
full G representations of the fields was not present into the equations of motion. However,
in the last few years the bosonic sector of certain gauged supergravities have been con-
structed [35] by taking the physical degrees of freedom to be described by fields that are
representations of the internal symmetry and demanding that these unconstrained fields
carry a gauge algebra extending the gauging of part of the local internal symmetry. In
carrying out this programme these authors have found a hierarchy of fields of increasing
rank [34]. However, these are just those found previously in the E11 approach [13]. It is
obvious that this procedure is just a bottom up way of discovering the form sector of E11
and it is not necessary to speculate about the mysterious degrees of freedom of M theory
that such a process may have uncovered.
While there can be no doubt of the calculational efficiency of the approach of this paper
it leaves open a number of more conceptual questions. For example, what mathematical
object do the Ogievetsky generators belong to. Also even though one uses only the positive
and zero level part of the E11 algebra in the deformed algebra, this algebra is only defined
from the full E11 algebra. As a result many properties of, and deductions from, the full E11
algebra are imported into the calculation. This would at best seem unnatural. In a previous
paper it was proposed to derive the gauged supergravity theories, and explicitly the five
dimensional gauged supergravities, from a non-linear realisation of E11⊗s l1 where l1 is the
fundamental representation associated to the first node of E11 and leads to a generalised
space-time. This approach has the advantage that it is conceptually well defined from
the mathematical viewpoint, but it is less clear how some of the physical aspects of the
gauged supergravity theories emerge in a natural way. These include how the local gauge
transformations arise and how the slice of generalised space-time that is active arises from
the full generalised space-time. Thus one has a dilemma how to include space-time, local
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gauge transformations within E11. In this context we might mention the interesting work
of reference [36] that concerns the role of diffeomorphism symmetries in the context of the
non-linear realisation relevant to supergravity theories. We hope to report elsewhere on
progress in this area.
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A Group theory conventions and projectors
In this appendix we first review some of the group-theoretic techniques that have been used
in this paper, and we then discuss the E11 derivation of various representation projectors,
fucusing in particular on the cases of E7 and E6 which have been discussed in sections 4
and 5. These projectors arise in E11 as conditions on the structure constants that contract
the D−1 form generators, and the fact that the consistency of the algebra imposes that the
embedding tensor must satisfy the same projection conditions proves that the embedding
tensor and the D− 1-form generators must belong to the same representation. At the end
of this appendix we then show that these projectors are precisely the ones that result from
a purely group theoretic analysis based on the representations of the internal symmetry
group.
The Cartan-Killing metric καβ is defined as
CAdjκ
αβ = fαγǫf
βǫ
γ , (A.1)
where CAdj is the quadratic Casimir in the adjoint representation. Denoting with DΛ the
fundamental representation, one then defines the quadratic Casimir in the fundamental
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representation CΛ from the relation
CΛδ
N
M = καβD
α
M
PDβP
N . (A.2)
When not otherwise specified in the paper, we use to raise and lower indices in the adjoint
representation the metric
gαβ = Tr(DαDβ) = DαM
NDβN
M , (A.3)
where the trace is in the fundamental, i.e. lowest dimensional, representation. This metric
differs from the Cartan-Killing metric of eq. (A.1) by a constant, and indeed from eq.
(A.2) one finds
καβ =
d
CΛdΛ
gαβ , (A.4)
where d is the dimension of the adjoint and dΛ is the dimension of the fundamental repre-
sentation. Substituting the inverse of eq. (A.4) in eq. (A.2) one also derives
gαβD
α
M
PDβP
N =
d
dΛ
δNM , (A.5)
while substituting it in eq. (A.1) one gets
fαβγfαβδ = − d
dΛ
CAdj
CΛ
δγδ , (A.6)
as follows from raising the indices using the metric in eq. (A.3). The ratio
CAdj
CΛ
is given by
the relation
CAdj
CΛ
=
dΛ
d
g∨
I˜Λ
, (A.7)
where g∨ is the dual Coxeter number and I˜Λ is the Dynkin index of the fundamental
representation.
In this paper we have shown that the deformed E11 algebras resulting from suitably
modifying the commutation relations of the E11 generators with momentum are entirely
classified by the tensor ΘM1α arising in eq. (2.13), where M1 denotes the representation of
the 1-form E11 generator R
a1,M1 in a given dimension. As we have shown, this tensor is
identified with the embedding tensor. Denoting with R1 this representation, and with R0
the adjoint, the embedding tensor is contained in the tensor product R1 ⊗R0. Since the
D − 2-form generators also belong to the adjoint, that is RD−2 = R0, this tensor product
is the same as the tensor product R1 ⊗RD−2, which occurs in the commutator between
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the 1-form and the D − 2-form. This commutator gives rise to the D − 1-forms, that
belong to a representation RD−1 inside R1 ⊗RD−2. However, R1 ⊗RD−2 contains at
least three irreducible representations, and the E11 derivation of the projection conditions
on RD−1 plays an important role in this paper. In particular, it is responsible for the
demonstration that the D − 1-form generators and the embedding tensor belong to the
same representation. This was proven in detail for any dimension in this paper.
In table 2 we list all the irreducible representations arising in the tensor product
R1 ⊗R0 in any dimension, underlying the ones to which the embedding tensor and the
D−1 forms actually belong. As can be noticed from the table, in four, five and six dimen-
sions R1 ⊗R0 generates three representations. These cases are those in which the 1-form
generator belongs to the fundamental representation DΛ. Therefore, in four, five and six
dimensions the embedding tensor ΘM1α is contained in the tensor product DΛ ⊗R0. In the
following we will in general denote the adjoint representation by Adj. It is a property of
any simple group with the exception of E8 that the tensor product DΛ ⊗Adj always gives
DΛ ⊗Adj = DΛ ⊕D1 ⊕D2 , (A.8)
where D1 and D2 are two other representations, and we take the dimension of D1 to
be lower than the dimension of D2. As can be seen from the table, in four, five and
six dimensions the embedding tensor belongs to D1. Using the fact that this is also the
representation of the D−1-form, we now show that one can derive from E11 the projectors
on these three representations. We will focus in particular on the cases of E7 and E6,
corresponding to four and five dimensions respectively.
Given the tensor product DΛ ⊗Adj, the projectors PDΛ , PD1 and PD2 on the repre-
sentations of eq. (A.8) can be constructed in terms of δMN , δ
α
β and D
α
M
N as [3]
PDΛ
Mβ
αN =
dΛ
d
DβN
PDαP
M
PD1
Mβ
αN = aD
β
N
PDαP
M + bDαN
PDβP
M + cδMN δ
β
α
PD2
Mβ
αN = −(a +
dΛ
d
)DβN
PDαP
M − bDαNPDβPM + (1− c)δMN δβα , (A.9)
where one makes use of eq. (A.5) and the fact that the sum of the projectors is the identity.
Note that the three coefficients a, b and c are not specified and will be given later. We
require the projectors to satisfy
PDΛ
Mβ
αN PDΛ
Nγ
βP = PDΛ
Mγ
αP PDΛ
Mβ
αN PDi
Nγ
βP = 0
PDi
Mβ
αN PDj
Nγ
βP = δijPDi
Mγ
αP i, j = 1, 2 . (A.10)
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D G R1 ⊗R0
9 SL(2,R) 1⊕ 2⊕ 2⊕ 3⊕ 4
8 SL(3,R)× SL(2,R) (3, 2)⊕ (3, 2)⊕ (3, 4)⊕ (6, 2)⊕ (15, 2)
7 SL(5,R) 10⊕ 15⊕ 40⊕ 175
6 SO(5, 5) 16⊕ 144⊕ 560
5 E6(+6) 27⊕ 351⊕ 1728
4 E7(+7) 56⊕ 912⊕ 6480
3 E8(+8) 1⊕ 248⊕ 3875⊕ 27000⊕ 30380
Table 2: Table giving the irreducible representations that arise in the product R1 ⊗R0 in
various dimensions. The representations to which the embedding tensor and the D−1-form
generators belong are underlined.
We now show that for E7 and E6 these projectors are determined using E11. In principle
the E11 derivation of the projectors can be also carried out for D5, which corresponds to
the six-dimensional case, but it is not needed because in section 6 we have used the explicit
form of the structure constants, which encodes automatically the projectors.
We first consider the case of E7. In section 4 we have shown that the invariant tensor
SMαA resulting from the commutator of the 1-form and the 2-form satisfies the constraints
of eqs. (4.13) and (4.14). These constraints follow from the Jacobi identities of the E11
algebra. On the other hand, the E11 algebra imposes that the 3-form generators in four
dimensions belong to the 912, which implies that the indicesMα must be projected on the
912. This can be seen from the index structure of SMαA because the only way of building
an invariant from tensoring a 912 index with the product 56⊗ 133 is that this product
is indeed projected on the 912. By looking at the general form of the projectors in eq.
(A.9), we thus must require that SMαA satisfies the conditions
P56
Mβ
αN S
Nγ
A gβγ = 0
P912
Mβ
αN S
Nγ
A gβγ = S
Mγ
A gαγ
P6480
Mβ
αN S
Nγ
A gβγ = 0 , (A.11)
and comparing these three conditions with eqs. (4.13) and (4.14) we determine a constraint
on the parameters a, b and c in eq. (A.9). Indeed, the first condition is automatically
satisfied because it reproduces eq. (4.13), while the second and the third reproduce eq.
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(4.14) provided that
b
1− c = −2 . (A.12)
We now derive the constraints resulting from eq. (A.10) in case of E7. The first
condition is automatically satisfied, while the second condition gives
19
8
a+
7
8
b+ c = 0 , (A.13)
where we have made use of eq. (A.6) in which we have substituted the dual Coxeter
number and the Dynkin index for E7, which are listed in table 3. In order to derive the
other constraints, one makes use of the identities
DαN
MDβMPD
βNQ =
7
8
DαP
Q , (A.14)
DβM
NDβP
Q =
1
12
δQMδ
N
P +
1
24
δNMδ
Q
P −
1
24
ΩNQΩMP +D
NQ
β D
β
MP , (A.15)
and
(DγDα)Q
RDβP
QDβR
M =
1
24
δMP δ
γ
α −
3
8
(DγDα)P
M − 5
12
(DαD
γ)P
M , (A.16)
which can all be proven using the results listed in this appendix and in section 4. Using
these results, the last condition in eq. (A.10), with i = j = 1, gives
19
8
a2 +
7
4
ab+ 2ac− 3
8
b2 = a
2bc− 5
12
b2 = b
c2 +
1
24
b2 = c . (A.17)
Substituting eq. (A.12) into the last of these equations gives
c =
1
7
b = −12
7
, (A.18)
and from eq. (A.13) one gets a = 4
7
. One can show that all the other projector conditions
are satisfied. Substituting this in eq. (A.9) finally gives the E7 projectors
P56
Mβ
αN =
8
19
DβN
PDαP
M
P912
Mβ
αN =
4
7
DβN
PDαP
M − 12
7
DαN
PDβP
M +
1
7
δMN δ
β
α
P6480
Mβ
αN = −
132
133
DβN
PDαP
M +
12
7
DαN
PDβP
M +
6
7
δMN δ
β
α . (A.19)
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We now derive from E11 the projectors of eq. (A.9) for the case of E6. We first
derive the identities that will be needed. Is section 5 we have introduced the completely
symmetric invariant tensors dMNP and dMNP , satisfying
dMNPdMNQ = δ
P
Q . (A.20)
From eq. (A.20) and the condition that dMNP and dMNP are invariant tensors,
DαM
(NdPQ)M = Dα(M
NdPQ)N = 0 , (A.21)
one gets
DαM
NdMPQdNSQ = −1
2
DαS
Q . (A.22)
One can write the product of two generators in the 27 contracted by the metric gαβ as
gαβD
α
M
NDβP
Q = αδNP δ
Q
M + βδ
N
Mδ
Q
P + γd
NQRdMPR , (A.23)
as can be deduced from the fact that the product 27⊗ 27⊗ 27⊗ 27 leads to three different
E6 invariants, and the three invariant quantities on the right hand side of eq. (A.23) are
the most general objects one can write down in terms of δNM , d
MNP and dMNP . Eq. (A.5),
applied to the E6 case in which d = 78 and dΛ = 27, is
gαβD
α
M
NDβN
P =
26
9
δPM . (A.24)
Contracting N and P in eq. (A.23) thus leads to
27α + β + γ =
26
9
, (A.25)
while contracting M and N gives
α+ 27β + γ = 0 . (A.26)
A third relation comes from the identity
gαβD
α
M
NDβP
QdNQR = −13
9
dMPR , (A.27)
which can be derived using eq. (A.21) iteratively, and leads to
α + β + γ = −13
9
, (A.28)
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or alternatively from contracting eq. (A.23) with DγN
M , which leads to
α− 1
2
γ = 1 . (A.29)
The final result is
α =
1
6
β =
1
18
γ = −5
3
, (A.30)
so that
gαβD
α
M
NDβP
Q =
1
6
δNP δ
Q
M +
1
18
δNMδ
Q
P −
5
3
dNQRdMPR . (A.31)
Another useful relation is
(DγDα)Q
RdQMTdPRT = −1
5
(DγDα)P
M +
3
10
(DαD
γ)P
M +
1
30
δMP δ
γ
α , (A.32)
which can be derived using the relations given in this appendix.
In section 5 we have shown that the invariant tensor SαM,NP resulting from the commu-
tator of the 1-form and the 3-form satisfies the constraints of eqs. (5.9) and (5.13). These
constraints follow from requiring the closure of the Jacobi identities of the E11 algebra. On
the other hand, the form of this invariant tensor is dictated by the fact that E11 imposes
that the 4-form generator is in the 351, and therefore the indices αM of 351 must be
projected on the 351. This can be seen from the index structure of SαM,NP because the
NP antisymmetric indices correspond to the 351 and the only way of building an invari-
ant from tensoring a 351 representation with the product 27⊗ 78 is that this product is
indeed projected on the 351. By looking at the general expressions of eq. (A.9) for the
projectors, we therefore must impose the conditions
P27
Mβ
αN S
Nγ
A gβγ = 0
P351
Mβ
αN S
Nγ
A gβγ = S
Mγ
A gαγ
P1728
Mβ
αN S
Nγ
A gβγ = 0 , (A.33)
and comparing these three conditions with eqs. (5.9) and (5.13) we determine a constraint
on the parameters a, b and c in eq. (A.9). In particular, the first condition is automatically
satisfied because it reproduces eq. (5.9), while eq. (5.13) implies that the second and the
third equations give the same constraint, that is
b
1− c = −
3
2
. (A.34)
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We now derive the constraints resulting from eq. (A.10) in case of E6. The first
condition is automatically satisfied, while the second condition gives
26
9
a+
8
9
b+ c = 0 , (A.35)
where we have made use of eq. (A.6) in which we have substituted the dual Coxeter number
and the Dynkin index for E6, which are listed in table 3. The last condition in eq. (A.10),
with i = j = 1, gives
26
9
a2 +
16
9
ab+ 2ac+
7
18
b2 = a
2bc− 1
2
b2 = b
c2 +
1
9
b2 = c . (A.36)
Substituting eq. (A.34) into the last of these equations gives
c =
1
5
b = −6
5
, (A.37)
and from eq. (A.35) one gets a = 3
10
. One can show that all the other projector conditions
are satisfied. Substituting this in eq. (A.9) finally gives the E6 projectors
P27
Mβ
αN =
9
26
DβN
PDαP
M
P351
Mβ
αN =
3
10
DβN
PDαP
M − 6
5
DαN
PDβP
M +
1
5
δMN δ
β
α
P1728
Mβ
αN = −
45
65
DβN
PDαP
M +
6
5
DαN
PDβP
M +
4
5
δMN δ
β
α . (A.38)
The projectors of eqs. (A.19) and (A.38) that we have obtained from E11 exactly
coincide with the projectors that one obtains from group theory. In table 3 we list the
dual Coxeter number, the Dynkin index of the fundamental representation, the dimension
of the group d, the dimension of the fundamental representation dΛ and the dimension d1
of the representation D1, as well as the values of the coefficients a, b and c in eq. (A.9),
for some simple Lie groups. One can see in particular that the values of a, b and c in the
table for E6 and E7 are exactly those that we have derived from E11.
B Field strengths and gauge transformations
In this appendix we explicitly evaluate the deformed part of the field strengths up to rank
six from eqs. (2.46) and (2.48). For the scalar derivative we find
Fa = g
−1
ϕ (∂a + gAa,N1Θ
N1
α R
α)gϕ . (B.1)
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G g∨ I˜Λ d dΛ d1 a b c
Ar r + 1
1
2
r2 + 2r r + 1 1
2
(r − 1)(r + 1)(r + 2) − 1
2r
−1
2
1
2
G2 4 1 14 7 27 − 314 −67 37
F4 9 3 52 26 273
1
4
−3
2
1
4
E6 12 3 78 27 351
3
10
−6
5
1
5
E7 18 6 133 56 912
4
7
−12
7
1
7
Table 3: Table giving the dual Coxeter number, the Dynkin index, the dimension of the
adjoint, the fundamental and the D1 representations, as well as the parameters a, b and c
occurring in eq. (A.9), for some simple Lie groups (see also [3]).
We now write down the field strengths for the gauge fields, which by assumption have all
their Lorentz indices anti-symmetrised and as discussed in section two we do not explicitly
display their scalar factors converting from a linear representation to a non-linear represen-
tation of G. We first display the massless part of the field strengths up to rank 6 included,
determined using eq. (2.46). The result is
F
(0)
ca1,N1
= 2∂cAa1,N1 (B.2)
F
(0)
ca1a2,N2
= 3[∂cAa1a2,N2 −
1
2
La1,N2
N1∂cAa2,N1 ] (B.3)
F
(0)
ca1a2a3,N3
= 4[∂cAa1a2a3,N3 − La1,N3N2 ∂cAa2a3,N2 +
1
3!
(La1La2)N3
N1∂cAa3,N1] (B.4)
F
(0)
ca1...a4,N4
= 5[∂cAa1...a4,N4 + La1,N4
N3∂cAa2a3a4,N3 +
1
2
(La1La2)N4
N2∂cAa3a4,N2
−1
2
La1a2,N4
N2∂cAa3a4,N2 −
1
4!
(La1La2La3)N4
N1∂cAa4,N1 ] (B.5)
F
(0)
ca1...a5,N5
= 6[∂cAa1...a5,N5 − La1,N5N4∂cAa2...a5,N4 − La1a2,N5N3∂cAa3a4a5,N3
+
1
2
(La1La2)N5
N3∂cAa3a4a5,N3 −
1
3!
(La1La2La3)N5
N2∂cAa4a5,N2
+
1
2
(La1La2a3)N5
N2∂cAa4a5,N2 +
1
5!
(La1La2La3La4)N5
N1∂cAa5,N1] . (B.6)
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The order g part of the same field strengths follows from eq. (2.48). The result is
F
(1)
ca1,N1
= 2g[WN2N1Aca1,N2 +
1
2
XM1P1N1Aa1,P1Ac,M1] (B.7)
F
(1)
ca1a2,N2
= 3g[WN3N2Aca1a2,N3 − La1,N2N1WM2N1Aca2,M2
− 1
3!
La1,N2
P1XN1M1P1Aa2,M1Ac,N1] (B.8)
F
(1)
ca1a2a3,N3
= 4g[WN4N3Aca1a2a3,N4 − La1,N3N2WM3N2Aca2a3,M3
−1
2
La1a2,N3
N1WN2N1Aca3,N2 +
1
2
(La1La2)N3
N1WN2N1Aca3,N2
+
1
4!
(La1La2)N3
P1XN1M1P1Aa3,M1Ac,N1] (B.9)
F
(1)
ca1...a4,N4
= 5g[WN5N4Aca1...a4,N5 − La1,N4N3WM4N3Aca2a3a4,M4
−La1a2,N4N2WN3N2Aca3a4,N3 +
1
2
(La1La2)N4
N2WN3N2Aca3a4,N3
+
1
2
(La1La2a3)N4
N1WN2N1Aca4,N2 −
1
3!
(La1La2La3)N4
N1WN2N1Aca4,N2
− 1
5!
(La1La2La3)N4
P1XN1M1P1Aa4,M1Ac,N1] (B.10)
F
(1)
ca1...a5,N5
= 6g[WN6N5Aca1...a5,N6 − La1,N5N4WM5N4Aca2...a5,M5
−La1a2,N5N3WN4N3Aca3...a5,N4 +
1
2
(La1La2)N5
N3WN4N3Aca3...a5,N4
−1
2
La1a2a3,N5
N2WN3N2Aca4a5,N3 + (La1La2a3)N5
N2WN3N2Aca4a5,N3
− 1
3!
(La1La2La3)N5
N2WN3N2Aca4a5,N3 +
1
3!
(La1a2La3a4)N5
N1WN2N1Aca5,N2
−1
4
(La1La2La3a4)N5
N1WN2N1Aca5,N2 +
1
4!
(La1La2La3La4)N5
N1WN2N1Aca5,N2
+
1
6!
(La1La2La3La4)N5
P1XN1M1P1Aa5,M1Ac,N1] . (B.11)
The reader can easily evaluate the remaining field strengths.
The rigid transformations of the group element also determine the gauge transforma-
tions of the various fields. We list here the gauge transformations for all the forms up to
the 6-form. The 1-form transforms as
δAa1,N1 = aa1,N1 − gΛM1XM11 N1P1Aa1,P1 , (B.12)
the 2-form as
δAa1a2,N2 = aa1a2,N2 −
1
2
Aa1,N1aa2,M1f
N1M1
N2 − gΛM1XM12 N2P2Aa1a2,P2 , (B.13)
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the 3-form as
δAa1a2a3,N3 = aa1a2a3,N3 − Aa1a2,N2aa3,N1fN2N1N3
− 1
3!
Aa1,N1Aa2,M1aa3,P1f
N1N2
N3f
M1P1
N2 − gΛM1XM13 N3P3Aa1a2a3,P3 ,(B.14)
the 4-form transforms as
δAa1..a4,N4 = aa1...a4,N4 −
1
2
Aa1a2,N2aa3a4,M2f
N2M2
N4 −Aa1a2a3,N3aa4,N1fN3N1N4
− 1
4!
Aa1,N1Aa2,M1Aa3,P1aa4,Q1f
N1N3
N4f
M1N2
N3f
P1Q1
N2
−1
4
Aa1a2,N2Aa3,N1aa4,M1f
N2M2
N4f
N1M1
M2 − gΛM1XM14 N4P4Aa1...a4,P4 , (B.15)
and the 5-form transforms as
δAa1..a5,N5 = aa1...a5,N5 −Aa1...a3,N3aa4a5,N2fN3N2N5 − Aa1...a4,N4aa5,N1fN4N1N5
−1
2
Aa1a2,N2Aa3a4,M2aa5,N1f
N2N3
N5f
M2N1
N3
− 1
5!
Aa1,N1Aa2,M1Aa3,P1Aa4,Q1aa5,R1f
N1N4
N5f
M1N3
N4f
P1N2
N3f
Q1R1
N2
− 1
3!
Aa1a2,N2Aa3,N1Aa4,M1aa5,P1f
N2N3
N5f
N1M2
N3f
M1P1
M2
−gΛM1XM15 N5P5Aa1...a5,P5 . (B.16)
The parameters a are given in eq. (2.52) in terms of the gauge parameters Λ. The reader
can easily evaluate the gauge transformations for the higher rank fields.
C Extended spacetime in four dimensions
In this appendix we will consider the four dimensional maximal gauged supergravities
using a non-linear realisation of E11⊗s l1. This closely follows the similar derivation of the
maximal gauged supergravities in five dimensions given in reference [16] to which we refer
for the details of how this method works.
C.1 The l1 multiplet in four dimensions
The l1 multiplet can be thought of as the E11 representation that contains the momentum
generator Pc as its lowest component. The l1 multiplet is the representation of E11 with
highest weight λ1, where λ1 is the fundamental weight associated with node 1 of the Dynkin
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diagram of E11. By definition it satisfies the relation (λ1, αi) = δ1i, where αi is the simple
root associated with node i on the Dynkin diagram of E11. For our derivation we will need
the l1 multiplet of E11 suitable to four dimensions at low levels.
The most straightforward way to find the components of the l1 multiplet as it occurs
in four dimensions at low levels is just to take the l1 multiplet in eleven dimensions [15],
carry out the dimensional reduction to four dimensions by hand, and then collect the result
into representations of the internal symmetry group E7. A more sophisticated method is
to realise that the l1 representation of E11 can be obtained by considering the adjoint
representation of E12. The Dynkin diagram of E12 is just that of E11, but with one node,
the starred node, added with one line attached to node one as in fig. 8. To find the l1
representation suitable to eleven dimensions we decompose the adjoint representation of
E12 into representations of the E11 obtained by deleting the starred node in the E12 Dynkin
diagram and keeping only the level one generators; by level we mean the level associated
with node one [15]. Clearly, as the commutation relations respect the level we must find a
representation of E11 and it is in fact the l1 representation. To find the l1 representation
in four dimensions one then carries out the decomposition GL(4,R)⊗E7 corresponding to
deleting in addition node four.
✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐ ✐
✐
⋆ 1 2 3 4 5 6 7 8 9 10
11
Figure 8: The E12 Dynkin diagram.
Following either method the low level elements of the l1 multiplet in four dimensions
are found to be given by [37, 38]
Pa (1) Z
M (56) Za,α (133⊕ 1) Zab,Nβ (912⊕ 56⊕ 1)
Zabc,[δǫ] (8645⊕ 1539⊕ 133⊕ 1) · · · (C.1)
The indices a, b, . . . = 0, 1, 2, 3 transform under GL(4,R) in the obvious way while the
numbers in brackets indicate the dimensions of the E7 representations to which the charges
belong.
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The commutators of E11 appropriate to four dimensions are given in section four. The
commutators of the E7 generators with the l1 generators are determined by the E7 repre-
sentation that the charges belong to and are given by
[Rα, ZM ] = (Dα)N
MZN
[Rα, Za,β] = fαβγZ
a,γ
[Rα, Zab,Nβ] = (Dα)M
NZab,Mβ + fαβγZ
ab,Nγ
[Rα, Zabc,[δǫ]] = fαδβZ
abc,[βǫ] + fαǫβZ
abc,[δβ] . (C.2)
The remaining commutators between E11 generators and those of the l1 multiplet can
be deduced from their E12 origin, or just writing down relations compatible with the level
assignments, GL(4,R) character, and using the Jacobi identities. We may define the way
the l1 generators occur in the E11 ⊗s l1 algebra by the relations
[Rα, Pa] = 0, [R
a,N , Pb] = δ
a
bZ
N , [Rab,α, Pc] = 2δ
[a
c Z
b],α
[Rabc,Nβ , Pd] = 3δ
[a
d Z
bc],Nβ , [Rabcd,[αβ], Pe] = 4δ
[a
e Z
bcd],[αβ] . (C.3)
The normalisation of the l1 generators is then fixed by the choice of coefficients on the right
hand side. The fact that the representation of the charges and the E11 generators coincide
on each side of these equations is a consequence of the relationship that exists between the
l1 representation and the adjoint representation of E11 [37]. Physically this is the usual
relationship between fields and the charges to which they couple in the Wess-Zumino term
of a brane action.
The remainder of the commutators may be fixed through the Jacobi identities. For
example, let us consider the Jacobi identity involving [Ra,M , [Rb,N , Pc]]. We find, using the
E11 commutators of eq. (4.9), that
[Ra,M , ZN ] = −DMNα Za,α . (C.4)
Now, for convenience we define Zab,Nβ = SNβA Z
ab,A, and the Jacobi relation [Ra,M , [Rbc,α, Pd]]
implies that
[Rab,α, ZM ] = −Zab,Mα and [Ra,M , Zb,α] = −Zab,Mα . (C.5)
The Jacobi relation [Rab,α, [Rcd,β, Pe]] leads to
[Rab,α, Zc,β] = Zabc,[αβ] . (C.6)
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The final Jacobi identity [Rabc,A, [Rd,M , Pe]] implies both
[Ra,M , Zbc,A] = −cMAαβ Zabc,[αβ] and [Rabc,A, ZM ] = −cMAαβ Zabc,[αβ] . (C.7)
Thus the commutators between the E11 generators and those of l1 at low levels are
given in equations (C.3) to (C.7).
C.2 Construction of the four dimensional gauged maximal su-
pergravities
The field strengths and gauge transformations of the massless theory follow in a straight-
forward way from the E11 algebra, they are essentially the Cartan forms subject to the
appropriate anti-symmetrisation. They are given by the general formula in eq. (2.46) and
more explicitly in section four by setting g = 0. We will now derive the field strengths
for the gauged theory following closely the argument given in [16] for the five-dimensional
case.
We begin by choosing the group element of the non-linear realisation of E11⊗s l1 to be
g = gl1gA = e
xaPaey·Y eA(x)·R , (C.8)
where
eA(x)·R = eAa1...a4,αβR
a1...a4,αβ ...eAa,MR
a,M
eφαR
α
(C.9)
and
ey·Y = eyM (Z
M+gTM )eya,α(Z
a,α+gTa,α)eyab,Mα(Z
ab,Mα+gTab,Mα) · · · . (C.10)
The symbols in this latter equation are defined by
TM = ΘMα R
α, T a,α =W αMR
a,M
T ab,Mα =
1
3
(ΘMβ f
βα
γ − 2W αNDMNγ )Rab,γ, T abc,[ǫδ] = W δMRabc,Mǫ, . . . . (C.11)
The coefficients in these expressions are taken from the results of section 4. The tensor
W αM defined here differs from the tensor denoted in the same way in section 4 by a factor
of 2, and indeed it is defined as
W αM = −
1
2
ΘαM (C.12)
which differs from eq. (4.25). Again, this coefficient is taken to reproduce the results of
section 4.
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At first sight it may appear that the above group element contains all the generators
of the l1 multiplet, but this is not the case. In fact the coordinates y obey projections
conditions that mean that part of the l1 multiplet is absent and plays no role in the
calculation. As discussed in reference [16], the part of l1 which is present is the image of a
map from E11 into the l1 representation. It is argued [16] that demanding certain natural
properties of this map leads to the constraints on ΘMα , etc found as a consequence of Jacobi
identities of the deformed algebra in this paper. These constraints on Θ etc are reflected
in the projections arising from the y coordinates. One may hope that such an argument
may fix the coefficients in eqs. (C.11) and (C.12).
For reasons to do with the preservation of the form of the group element under the
action of the group and the required compensating transformations the field strengths of
the gauged supergravity are not given in a simple way by the Cartan forms. However,
as explained in reference [16] we can calculate the variation of the fields in the usual
way by taking a group element g0 and considering its effect on the coset representative
g0g −→ g′ and find the field strengths by demanding that they be invariant under these
transformations. In particular let us consider g → g0g taking g0 = eb·Z where the parameter
b obeys the same constraints as the y coordinates. As discussed in reference [16] eb·Zey·Y =
ey
′·Ze−gb·T . However, as the final field strengths do not depend on the y coordinates we
need only calculate the the effect of e−gb·T on the eA·R term and do not require to know
how the y coordinates change.
Let us first consider the transformation g → g0g with g0 = ebMZM this leads to
the factor e−gbMΘ
M
α R
α
acting on the E11 coset representative which is just the same as
an E11 transformation of the ungauged theory, but with parameter aα = bMΘ
M
α . At
the next level we consider the transformation g0 = e
ba,αZ
a,α
, which results in the fac-
tor e−gba,αT
a,α
= e−gba,αW
α
MR
a,M
which is just an E11 transformation with the parameter
aa,M = −gba,αW αM . Similarly the effect of g0 = ebab,MαZab,Mα is equivalent to an E11 trans-
formation with parameter aab,α = −gbab,Mβ 13(ΘMγ f γβα− 2W βNDMNα ) and g0 = ebabc,[ǫδ]V
abc,[ǫδ]
is equivalent to an E11 transformation with parameter aabc,A = −gbabc,[ǫδ]W δMSMǫA . The
result of all these transformations on the fields is given by
δAa,M = −gbPΘPα (Dα)MNAa,N
δAa1a2,α = −gbPΘPβ fβαγAa1a2,α
δAa1...a3,Mα = −gbPΘPβ (DβMNAa1...a3,Nα + fβγαAa1...a3,Mγ) . (C.13)
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We now consider an E11 transformations for the gauged theory, that is we take g0 = e
a·R
to act on the group element of eq. (C.8);
g0g = e
a·Rex
aPaey·Y eA·R = ex
aPa+[a·R,xaPa]ey·Y+[a·R,y·Y ]ea·ReA·R . (C.14)
As discussed in [16] the transformations resulting from the [R, Y ] in the second term
do not affect the dynamics as the final dynamics does not depend on the y coordinates
and so we may ignore this term. The final a · R term has the same effect on the E11
fields as the equivalent transformation in the ungauged theory. In the first factor we find
ex
aPa+[a·R,xaPa] which leads to higher generators in the l1 multiplet. For example, if we take
g0 = e
aa,MR
a,M
we find it leads to the term ex
bPbex
aaa,MZ
M
. This latter factor then acts like
a l1 transformation on the rest of the coset representative and, as discussed above, it leads
to an x-dependent E11 transformation.
As a result we can combine the effect of the l1 transformations and the x dependence
E11 transformation together by taking an l1 transformation with the parameter
bM (x) = bM + x
aaa,M
ba,α(x) = ba,α + x
baba,α
bab,Mα(x) = bab,Mα + x
cacab,Mα
babc,[δǫ] = babc,[δǫ] + x
dadabc,[δǫ] . (C.15)
As noted above we have in addition the usual E11 transformations with the a parameters
which are related to the above parameters by
aa,M = ∂abM (x) aab,α =
1
2
∂abb,α(x)
aabc,Mα =
1
3
∂abbc,Mα(x) aabcd,[δǫ] =
1
4
∂abbcd,[δǫ](x) . (C.16)
Thus all the transformations can be expressed in terms of the x-dependent parameters
b(x).
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The resulting transformations of the fields are given by
δAa,M = ∂abM(x)− gbM(x)Aa,NXMNP − gba,α(x)W αM
δAa1a2,γ =
1
2
∂[a1ba2],γ(x) +
1
2
∂[a1|bM(x)A|a2],N(Dγ)
MN − gbM(x)ΘMα fαβγAa1a2,β
−1
2
gba1,α(x)W
α
MAa2,ND
MN
γ −
1
3
gba1a2,Mα(x)(Θ
M
β f
βα
γ − 2W αNDMNγ )
δAa1a2a3,Mα =
1
3
∂[a1ba2a3],Mα(x) + ∂[a1|bM (x)A|a2a3],α −
1
6
A[a1|,MA|a2|,N∂|a3]bP (x)(Dα)
NP
−gbN(x)ΘNβ (Dβ)MPAa1...a3,Pα − gbN(x)ΘNβ fβγαAa1...a3,P γ − gW βMba1,β(x)Aa2a3,α
−1
6
gW βNba1,β(x)Aa2,PAa3,MD
NP
α − gba1...a3,[βα](x)W βM
δAa1...a4,[δǫ] =
1
4
cM,Nβ[δǫ] ∂a1bM(x)Aa2...a4,Nβ −
1
24
DNPα c
M,Qα
[δǫ] Aa1,MAa2,QAa3,N∂a4bP (x)
+
1
4
DNPδ Aa1,N∂a2bP (x)Aa3a4,ǫ +
1
4
∂a1ba2,δ(x)Aa3a4,ǫ +
1
4
∂a1ba2...a4,[δǫ](x) . (C.17)
The field strengths are just the objects which are covariant under the above E11 ⊗ l1
transformations which at order g0 agree with those of the massless theory. Thus the order
g1 variation of F (0), i.e. the variation of the massless field strengths, must cancel the order
g0 variation of the order g0 variation of the order g1 part of the field strength, F (1). This
computation implies that the field strengths of the gauged theory are given by
Fa1a2,M = 2∂[a1Aa2],M + gX
NP
MA[a1NAa2]P + 4gAa1a2αW
α
M
Fa1...a3,α = 3∂[a1Aa2a3],α +
3
2
(∂[a1Aa2,M)Aa3],N(Dα)
MN
+
1
2
gA[a1,MAa2,NAa3],PX
[MN
Q D
P ]Q
α + 6gA[a1a2,βAa3],MW
β
ND
MN
α
+3g(ΘMγ f
γβ
α + 2gW
β
ND
MN
α )Aa1...a3,Mβ
Fa1...a4,T η = 4∂[a1Aa2...a4],T η − 4(∂[a1Aa2a3,η)Aa4],T −
2
3
(∂[a1Aa2,N)Aa3,PAa4],T (Dη)
NP
−16gW αT Aa1...a4,[αη] + 4g(ΘMβ fβαη + 2gW αPDMPη )A[a1...a3,MαAa4]T
−4gW αMA[a1a2,αAa3a4],η + 4gW αPDPMη A[a1a2,αAa3,MAa4],T
+
1
6
gXMNRD
RP
η A[a1,MAa2,NAa3,PAa4],T . (C.18)
The field strengths and the gauge transformations agree with those found in section 4, as
one can see comparing eqs. (4.31) and (4.32) with eqs. (C.18) and (C.17), if we identify
the gauge parameters of section 4 as
ΛM = bM (x) Λa,α =
1
2
ba,α Λab,Mα =
1
3
bab,Mα Λabc,[αβ] =
1
4
babc,[αβ] . (C.19)
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